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TOPIC1TheSingularValueDecomposition

SingularValues

DEFINITION
ThesingularvaluesofanyMx nrealmatrixAarethesquarerootsoftheeigenvaluesof
ATA

Questions Howmightthisdefinitionconnecttosomeoftheothertopicswecovered
Howmightsingularvaluesbeviewedfromamoregeometricperspective
cantheeigenvaluesofATAbenegative
whatproblemscansingularvaluesbeusedtosolve

Thelineartransformwhosestandardmatrixis
A tellTHEE 43 it

transformsunitvectorsin IRtoanellipse as8hambelow n
LN

N

n multiplybyA K

whatunitvector maximizesHABH WhatIsItA811equalto

OurgoalistomammiteHATHsubjectto11TH L inotherwordsMffHATI
ATAissymmetric
WecananswersomeofourquestionswiththeeigenvaluesofATA

WeneedtheeigenvaluesofATA
ATA f 73Y e f E a o 2

Thus puffyHATH8

SoMaxHATH 58ThusFoisthemaximumvaluethatwewereseeking110114

NextWhatIsthe8thatcorrespondstothismaximum

TheuniteigenvectorcorrespondingtothelargesteigenvalueisthevectorvithatmaximizesHAM
ATA XI489 I f

TheunitvectorthatmaximizesHATHisJeff



RecallthatAisthestandardMatrixforatrans amthatrotatesandscales
A EdTHE KT

n
LN

N AR
il multiplybyAK K

ThelengthofArt isthesquarerootofthelargesteigenvalueofATA ro
TheSmallestEigenvalue

AsimilarprocessyieldsthatthesmallesteigenvalueofATAis
puffHATH52 Bi Y n

LN AT
Nr r N multiplybyA

N r
K K

HAIIlisthesquarerootofthesmallesteigenvalueofATAwhichisrz
SingularValuesaretheEigenvaluesofATA

let 0 TX Toandoi fxz.IE
KLN
7

Nr r N MultiplybyA of aK K

InotherwordsthelengthofAVTisthesquarerootoftheeigenvaluesofATA orFx
EigenvaluesofATAarewonnegative

Theorem
TheeigenvaluesofATAanenonnegative

ProofRecallthatNFF TfaBj HUIH 1because if areuniteigenvectorsHATA
HANIH AJTAF FfTATAfp IjFfFj Aj70Therefore

eigenvaluesofATAmustberealandnonnegative
singularvaluesofAliesquarerootsofeigenvaluesmustalsoberealandnonnegative



NoteSingularvaluesareordered

BecausetheeigenvaluesofATAarenonnegativethesingularvaluesofAmustalsoberealand
nonnegativeTheycanbeorderedfromlargesttosmallest

DEFINITION
Thesingularvaluesof ofanyMxnrealmatrixAarethesquarerootsoftheeigenvaluesofATAsingularvaluesarearrangedindecreasingorder

OT ft 7Oi far3 7On far
Thisis astandardconventionforsingularvalues

Singularvaluesarelengths

ItalsofollowsfromthepreviousslidethatthesingularvaluesofArepresentlengthsofvectors
inRnThatiswhenshowingthattheeigenvaluesofATAarenonnegativewesawthatHAT1127

ThereforeHATHOi
WemakeuseofthisrelationshipwhenconstructingtheSVDofamatrix

Exercise
supposewewishtoidentifyaunitvectorforwhichAIhasmaximumlengthwhereAisthe
matrixbelow

A Z1
TheunitvectorsthatmaximizeArtwillhavethetowngivenbyri I
Whatisn equalto Assumeit so

AtAfi3113 I f f
detfATA 711
det 81 Ex
foX 5 A 4 i72 I5h140 y

a A2 I37 36 X 4 X 9
TheeigenvaluesofAIAareX 4 9 o e3 or 2
Thecorrespondinguniteigenvector I to4 9is it



Singularvectas
MotivationTheFourFundamentalSubspaces

RowA CotA
TheoremTheFourSubspacesIs
ForanyAERmxn theorthogonalcomplementof µn pmRowAisNMAandtheorthogonalcomplement
ofColAisNutAT NulA NutAt
TheeigenvectorsofAAcanbeusedtoconstructbases
forthesesubspaces

OrthogonalBasesforNutAandR0WA

Theorem
Suppose I arethenorthogonaleigenvectorsofATAorderedsothattheircorrespondingeigenvalues
satisfy A aAz7 7AnSupposealsothatAhasrnonzerosingularvalues rEn Thenthe
setofvectors

BraBra Tn3
IsanorthogonalbasisforNMAandtheset

NTVI iTr3
isanorthogonalbasisforRonAandrankA r

ProofforOrthogonalBasesTaNMA

Forasetofvectorstoformanorthogonalbasisforasubspacetheymustbeinthatspacespanthat
spacebeindependentandmutuallyorthogonal

Each8 isaneigenvectorsononeofthemarethezerovector
itareorthogonalandspan1124theyareeigenvectorsofasymmetricmatrixATA
RecallthatthelengthsofAniarethesingularvaluesofA

HAIHoi
ThenifHATIN 0fori r thenViENMAfori r
ThenIf I1ANTHf0for i c r then I cannotbeinNutAAr isr theymustbeinCNNA RowA
becauseEvi3isanorthonormalset
Thus ourbasisforNutAistheset BritErtz Bn3
andourbasisforRowAisthesetEriVI Br
WemustalsodescribewhyrankA r
Thereare rvectorsinourbasistuRowA
RecallthatdimRowAtadimladA arankA



OrthogonalBasesforadAandNUA
Theorem
Suppose I arethenorthonormaleigenvectorsofATAorderedsothattheircorrespondingeigenvalues
satisfy 7 I 7 7 In SupposealsothatAhasrnonzerosingularvaluesThen

Art AI ABr3
areanorthonormalbasisfarAdA

ProofOutweei EachAntIsavectorin GA
ATEandAPGareorthogonal

AI ATI ITAAufXjViTj o
for i er rankAABareorthogonalandnonzerosotheymustalsobe
independentandformanorthogonalbasisforadA

NoteFori rANT8because I cNutAfori r

SummaryThefourFundamentalspaces

supposeTareorthonormaleigenvectorsforAAand
I AT for iEr rankA E HAUTH

ThenwehavethefollowingorthogonalbasesforanyMxnrealmatrixA
I Fr isanorthonormalbasisforRonA
Tmi TenisanorthonormalbasisforNMA
Tl r isanorthonormalbasisfarAdA

Ifweneedabasis1w folAHwhatmightwedo
Oneapproach identityanym r independentnonzerovectorsinKdAbandthenuse

GramSchmidttoorthogonalIzethemmoreonthisdate4



TheleftandRightsingularvectors

DEFINITION
ThevectorsENT3 ta iemaretheleftsingularveetofA
ThevectorsEE3Twien aretherlshtsinsvlarve.atofA

ThereasonwerefertotheserectusasleftandrightsingularvectorsIsconnectedtothesingularvalue
decompositionmoreonthislater

Example
SupposeAisa12 4realMatrixandhas3monterosingularvaluesIndicatewhetherthefollowing
statementsaretrueorfalse

AbasisforCoraisgivenbythevectorsATATandAPs
TRUE Ahasrank3thethreeleftsingularvectorsANTABandABareindependentandare
inArA sotheyformabasisforadA

AbasisforNWAisgivenbyUTVTVT
FALSE Ahasrank3 sothethreerightsingularvectorsrtVTand8formabasisforRowA
Thevector84formsabasisforNMA
Exercise

supposeA

ComputetheleftandrightsingularvectorsofA

aAfer i 09114.78
DetATA AI
detffo1 Iff o Ms D 100

100 257172 100 X 25A X X 25
X e25 X 0 Singularvalues 0 I 5 or O
Ahas1nonzerosingularvalue r

IftheunitrightsingularvectorisVT Ige andK270whatisKequalto

ForX 25 ATA 25I N 12M O LetM 2 m I
Acorrespondinguniteigenvectoris

E ftp.EEiI fiYEsI k



Iftheunitleftsingularvectorisit whatishequalto

viitime HE ftp.t.tsfIE tsfII
TheSUD

TheoremSingularValueDecomposition
SupposeAisanMxnmatrixwithsingularvalues0 or onandon nThenAhasthe
decomposition A UEVTwhere

Haenml of
UisanmxmorthogonalmatrixandVisa hXhorthogonalmatrix If mLnthen
E CDOmnmwitheverythingelseisthesame

ProofthatA UEVI similartoprooffordiagonalization
weconstructVa fP Iz Tnandtheset

ofUTANT Oi41ANTI

Thus AV A FBa Tn e ANT ANT AVI
font riot on0h

lui ai and
on
UE

Thus AV UEorA UEve

TheSVDandlinearTransforms



A procedureforconstructingtheSVDofA

supposeAis Mxnandhasrankr

ComputethesquaredsingularvaluesofATAofandconstructE
ComputetheunitsingularvectorsofATATI usethemtoformV
ComputeanorthonormalbasisfaradAusing

UT Ari i I z r

Itnecessary extendthesettu3toformanorthonormalbasisforRMandusethebasis
toformit

ExampleconstructasingularvaluedecompositionforA

Singularvalues ATA 40g 4 9 12 4
Thepositivesquarerootsoftheeigenvaluesarethesingularvalues

OT 3022
REMEMBER oi isthelargestsingularvalue

UsingthesingularvalueswecanconstructE

o 3 02 2 E

Nextweconstructthesingularrightvectors if3andformV
ATA 7 I I8 NT 9
ATA X I 8f Ui f v hi 9 f

Nextweconstructleftsingularvectors UT3usingUP ITATfu F I z r Eachu willbe
aunitvectorin1124

nitrate's it's III
uit 4 it fool

ToconstructtheSVDofAwemustconstructthelast2columnsofU
InthisexampleAhasrankr 2andUwillbea4X4orthogonalmatrix
BecausethecommasofUmustbeorthonormal andoutand Iwerestandardvectorsby
inspectionwecansetthelasttwocommastobe



M aif
NotethatTiand84areunitvectorsandthat 3areorthonormal
wecouldhavechosenothervectorsforPesandBk
WehavetheSVDofA

H EH p kin
ExerciseiconstructanSUDforA

AAf I91143f
MATA HI 9,7374

I I3713641 4Ex 9
X 9 Xz 4

Constructing v
0 3Oz 2 E af3ggo

X 9 AA T I 24.7 2M m O m 2hTheIffy
E4ATA a I L4 M m O ti if riffLT

ConstructingU
Tt O bUsa1ZUzg t4My 0up AP 3tf L i 3 UTMeso 4nsas12M30 0 7 8 2Uses

E fArtistsft TkIrs



TheSVDofa3 2MatrixwithRank1

ExampleConstructthesingularvaluedecompositionofA f'tIz
Singularvalues

ATA 9g 99 DetATA
AI 9 7 2 81 I 181 X x 18

X 18 X O o 3ozOz O

Don'tforgetthat
singularmatriceshaveeigenvalue0andthetraceofamatrixisthesumofitseigenvalues
Thepositivesquarerootsoftheeigenvaluesarethesinglevalues
o isthelargestsingularvalue

UsingthesingularvalueswecanconstructE E

NextweconstructtherightsingularvectorsCUT3andfwmV
ATA a I 7g If it fall
ATA KI I g9 is y Eff1

Nextweconstructleftsingularvectors rt3TherankofAis r I sowemayuse
UT AT

for it VectorUTwillbeaunitvector inRs

vii fatstartI'll toff's
HowcanweconstructtheremainingleftsingularvectorstoconstructU
Inthisexample Ahasrankr I andUwillbea3 3orthogonalmatrix
ByinspectiontwovectorsorthogonaltoUTare ngut 2121 0 i tho 4

NT I R Yo recallin t UTUT241402 5

BecauseoutcCdAthesetwovectorsarein adA
Butit isanorthogonalmatrixsohowmightwecreateanorthogonalbasisforCcdA I
GramSchmidt

a fol ni ni
n
i III 1it HEH's

Normalizingthesevectorsyieldstheremainingleftsingularvectors

ui Esl



ThusA UEVTwhere

a ftp.EEYFE.I.sfEE r tzHil
area

4 X

i i i iii
Exercise isupposeA ConstructanSUDHA

ATA 1000 f detATA AI 100XK7 X log
X 100X 0 o 10 02 0

stool
ATA X I f Foo Taff
ATA te fwoog g
a fans.to 8l'ottofE qui o
TwovectorsorthogonaltoUTare f andtoffs UI UI 136164140

letui toff and I
usingGramSchmidt

a Fox g III u tf
HIIEl

Auevh.tsff.IEfof8lo9



TOPIC2 ApplicationsoftheSVD

TheSVDhasbeenappliedtomanymodernapplicationsinCSengineeringandmathematics
estimatingtherankandconditionnumberofamatrix
constructingbasesforthefourfundamentalspaces
computingthepseudoinverseofamatrix
kneauleastsquaresproblems
machinelearninganddatamining
facialrecognition
principlecomponentanalysis
imagecompression

TheconditionNumberofamatrix

If Aisaninversenxnmatrixtheratio Istheconduit.meofA

ExamplesupposeA z i Wefoundthat o fo or52
Therefore theconditionnumberofAisq Foz 2

NotesontheconditionNumber
InsomeapplicationsoflinearalgebraentriesofAandcontainerrorsTheconditionnumberofa
matrixdescribesthesensitivitythatanyapproachtodeterminingsolutionstoARBmighthave
errorsinA
Thelargertheconditionnumberthemoresensitivethesystemistoerrors
wecoulddefinetheconditionnumberforarectangularmatrixbutthatwouldgobeyondthescope
ofthiscourse

ExerciseWhatIstheconditionnumberofthematrixA ff f
AtA 40 f DetATA AI 4XX16X X 46 12 4

or 4 Oz 2
ConditionnumberofAa 22

TheSVDandTheSpectralDecompositionofaMatrix

MotivationApproximation

RecallthatfromcalculusTaylorexpansions
andTaylorpolynomialscanbeusedtoapproximate
functionsnearapoint

Canweuseexpansionstoapproximatematrices



RecallSpectralDecomposition ataSymmetricMatrix

SupposeAcanbeorthogonallydiagonalizedas

A PDPT hi Rn
n
fnI

ThenAhasthedecomposition
A Xiuut t tanninuit Igaunini

CanwegiveamoregeneralresultusingtheSVD Yes if
TheSVDcanalsobeusedtoconstructthespectraldecompositionforanymatrixwithrankr

A Eo AUE
vectorsof aretheithcolumnsofHandVrespectively
Theproofsimilartotheproofweusedforthesymmetriccase
Eachterminthissumis arank1matrix
Inapplicationsoflinearalgebra acanbecomesufficientlysmallallowingustoapproximateA
withasmallmemberofrank1Matrices
ForthecasewhenAAtweobtainthesamespectraldecompositionobtainedusingtheorthogonal
diagonalthatIonofA orA PDPT

ExamplesupposeAhasthefollowingSVD

a to is
ThespectraldecompositionofAisasfollows

A EOsIs 3 lo ll t 2 11 01a 3 t 2

ExercisesupposeA 0 to9
AhastheSUD

A uer u folo Eff 0 8 off org
Thespectraldecompositionhastheform A A Ar oVINT 0281

AndAt
o a rz et 9 IT fi o il Ai 9OoP



TheSUDandthefourfundamentalspaces

supposevTareorthonormaleigenvectorsforATA
and
UT AT foricr rankA o HAEIl

ThenwehavethefollowingbasesforanyMxnreal
matrixA
NT PrisanorthonormalbasisforRonA
Dry TnisanorthonormalbasisforNWA
rt i TirisanorthonormalbasisforColA

WecannowalsoseethatbecauseitIsanorthogonalMatrixArt mgiveanorthonormalbasisfor
NutAT

Example
GiventheSVDofAdeterminerankA andbasesforNutAandforAdA

unit
Solution thereareexactly3nonsingularvalues rankA 3

thelast2columnsofV orrowsofV'TareabasisforNMA
first3columnsHUareabasisforadA

Exercise i supposeAhastheSVDfactorizationA UEVTwhere

u Cut it its rt E V WT I B BaVI

whatsetgivesabasisforNWA VI Is3
3nonsingularvalues Rank3
last2columnsofVgiveabasisforNalA
of of O HAVEIt HATHI O

WhatsetgivesabasisforRowA ENTTh733
NullA RowA Last2columnsofVgiveabasb tr RowAHNullA
WhatsetgivesabasisforlolA EUU2Us3
FirstrcolumnsofUareindependentandinMAsotheyformabasisforAdA
WhatsetgivesabasisforNunAT I43
TheremainingcolumnofUgivesabasisfor CdA k NullAt


