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TOPICisDiagmatzationofSymmetricMatrices

SymmetricMatrices

DEFINITION
IfmatrixAAtthenAissymmetric

ExampleWhichofthefollowingmatricesaresymmetric

A421 v c f f I f 8
a f ol r off pBT

AverycommonexampleATA

ForanyrectangularmatrixAwithcolumnsa an

an Haiti it
entriesaredotproductsofcolumnsofA

AndbecauseaTaj a g g ai ATAissymmetric
ExamplesupposeAandCare nxnMathes IERnandCissymmetricWhichofthefollowing

productsareequaltoasymmetricmatrix

AA AA At At AAT symmetric
BIT REY ITYn4T RIT symmetric
a CC eCTCT CC a symmetric

AdditionalNotesonsymmetricmatrices
If amatrixissymmetricthematrixmustbesquare
If amatrixissquareanddiagonalthematrixmustbesymmetric
symmetricmatriceshaveotherusefulpropertiesthatwewillintroduceandtakeadvantageof

ExerciseSupposethatAisasymmetricaxismatrix BisasymmetricnxnMatux anditis
avectorInRhWhichofthefollowingexpressionsaresymmetric

ABX ABT BA aBAnotnecessarilyequaltoAB
FEARU Thisproductis anumberVKERK k iSymmetric
A1B A1BIT A tBT AtB i symmetric



trueorfalse If AisaninvertiblesymmetricmatrixthenA isalsosymmetric

TmeBecauseweknowAisinvertiblewecansaythatAA I
ButIfwetakethetransposeofbothsidesofthisequationandweobtain

AA e I t e I

And I AAT AYAY AfAY
soifACAYT I thentheInverseofAisalsoCAY
HoweverIf AIsinvertiblethenAhasauniqueInverseSoAY Al

OrthogonalDiagonalHatton

Motivation Manyalgorithmsrelyonsymmetricmatrices
ThenormalequationsuseATAwhichIssymmetric
TheSVD apopulardataanalysistoolalsousesATA

whatpropertiesdosymmetricmatriceshavethatwecanusetodevelopand
understandalgorithmsandtheresultstheyproduce

TheoremSymmetricmatricesandtheirEigenspaces
IfAisasymmetricmatrixwitheigenvectorsNTand I correspondingtotwodistincteigenvalues
thenviandviareorthogonal
Moregenerallyeigenspacesassociatedtodistincteigenvaluesareorthogonalsubspaces

ProofwecanshowthateigenvectorsitandFrmustbeorthogonal ordo I forX taand
symmetricA

XVT I AVT using A I I
Avi Ti usingthedefinitionofthedotproduct
I ATI propertyoftransposeofproduct
NTATh gWenthatAAT
ThAR
ofoXTh usingA Xiu
XB oVz

BUTA IXz P aPz O

OrthogonalDiagonalHatchExample

DiagonalizeAusinganorthogonalmatrixPTheelgenvaluesofAanegWen

A I I I

a i a ebe ftE n III a I



i a a f I I I Fi o a f
let u O R I Is

A pDpt

aFE III a fE i il my Ii I
RecallthatIfpisanorthogonalnxamatrixthenPapt
symmetricMatricescanbediagonalizedasA PDPTGramSchmidtmaybeneededwhen
eigenvaluesarerepeatedtoconstructafullsetoforthonormaleigenvectorsthatspanRn
whatabouttheconverse ifA PDP thenisAsymmetric

ATaCPDPTYe pTTDTPeepDPT A Aissymmetric

Thus IfwecanwriteA PDP thenAmustbebothdiagonaltableandsymmetric

TheSpectralTheorem

Thesetofeigenvaluesofamatrixaresometimesreferredtoasthespectrumot
TheSpectralTheorem
AnminsymmetricmatrixAhasthefollowingproperties
ANeigenvaluesofAarereal
4Theeigenspacesaremutuallyorthogonal
AcanbediagonalizedasA PDPwhereDisdiagonalandPisorthogonal

fineorFalsesupposeA isasymmetricmatrixandthatI tJiareeigenvectorsofAThenI I O

Fats Wearetoldwhethertheeigenvectorscorrespondtodistincteigenvalues Iftheeigenvectorsdidcorrespondtodistincteigenvaluesthentheeigenvectorswouldbeorthogonalbecause
AissymmetricWewouldhavethat I NT o

Exercise
SupposeAis a 2 2realMatrixthatsatisfiesA ATAneigenvectorofAcorrespondingto
eigenvaluex is it FI
If theeigenvectorforeigenvalueX Is if f andX th whatdoesKneedtobeequalto
TheeigenvectorscorrespondtodistincteigenvaluesofasymmetricmatrixsoI oVT O

bK 4 I O K 45



ThespectralDecompositionofaMatrix
Motivation Approximation

RecallfwmcalculusTaylorexpansionsandTaylorpolynomialscanbeusedtoapproximate
functionsnearapoint

n pCn R

in
Bcn n I6

studentsarenotexpectedtobefamiliarwithTaylorexpansionsinthiscoursebutcanwe
useexpansionstoapproximatematrices

2casesi
Ais asymmetricmatrixusinganorthogonaldiagonalHatton
Aisanyreal MxnmatrixusingtheSVD

spectralDecomposition
supposeAcanbeorthogonallydiagonalizedas

A PPP e tu viiIf I n Itu
ThenAhasthedecomposition

A antitT t XuanUi EEAUTUT

OutlineofthespectralDecompositionProof

AshortexplanationonwhyAhasthedecomposition
A antitT t XuanUi EEAUTUT

weassumethatwecanwriteA PDPT IfthecolumnsofDaveddz duthenusingthe
definitionofmatrixmultiplication

DD Pd Pdz Pdu

ThenwhatisPdequalto



Recallthatamatrixtimesavectoris alinearcombinationofthecolumnsofthematrix
weightedbytheentriesofthevectorcolumniofPDis

Dd P Ot OtXUTto t Ani

ThereforethecolumnsofPDare7UTWecannowsimplifyourexpressionforA PDPTtoa
productoftwomenmatrices

Thus Acanbeexpressedasfollows

A PDpt Hit hit Anan1774

Usingtheadumn.ro ipansarfortheproductoftwomatricesthisbecomes
A AintitT t tXuanUi EEAUTUT

Therowcolumnexpansionfortheproductoftwomatricesisawayofdefiningmatrix
multiplication

Example ConstructaspectraldecompositionforA

a I il HYE YEHEftp
A IgXintni 4 HYE Kr Kr 12 i Ittr ND

4HE 414
Notes
EachterminthesumAirtimewMbean axinmatrixwithrank1eachammuwillbea
multipleofit

orderingtheeigenvaluesfromlargesttosmallestanabsolutevalue
Hit ITitit

wemaybeabletotruncatethesum
A IzAinUT

toexcludesmallertermsThisgivesusawaytoapproximateA



Exercises
supposeAisthesymmetricmatrixgivenbelow

A ff o
Ahastheeigenvaluesandtheuniteigenvectors

X 4 I fell X I B ftH
ThespectraldecompositionofAhastheform

A A tAr XBBi t EEE
suppose

a animeff Ei a Xiii 491 I
whatarethevaluesofP andga

Ai ixThin ftp ftrdi if Iff ll l l II
Aiasviii fttillHeiDa IfiIti n i Ifi Iti't

Notethatwemusthavethatpitq 0becausetheentryofAthatisinthefirstrowHist
columnIszeroand

mini th't
TOPIC2 Quadraticforms

Motivation y
Theequation5h214mytoy2 4representsanellipse

as

AnellipseisanexampleofaquadraticIfwecanrepresent a
quadratictermsusingasymmetricmatrixwecantakeadvantageof
thepropertiesthatsymmetricmatriceshavetothem

DEFINITION

Aquadratormis afunctionQRn Rgivenby

a ar mini Y
MatrixAisnxnandsymmetric

Intheabove I isavectorofvariables



Quadraticformsandsymmetricmatrices

computethequadraticform a ITARusingE y
A I E QTn yl ft f Y e n y7434 in the
A ft Q In n f fY in infantf Nantylt y axD

4ktmytry 3y
4h23442M

To Theskytermisa
chonproducttermbecause
itcontainsbothvariables

AQuadraticForm
ExpressQ WGuy1942intheformofQaITARwhere IER2andAAT

MacingcoefficientsofWandy2onmaindiagonalanddudingcoefficientofKyby2 we
obtain

ns.fnytayz in411394
wecanverifythisresultbymultiplyingJinn
ExampleQuadraticforminThreeVariables
WriteQintheformITARforRE1123

QR 5nF ni t3N 1GUin 12MHz

NotethatwecanwriteQas

Q Sui Ni13nF1ONNi t6NMs 12AM

Takingasimilarapproachtothepreviousexerciseweobtain

a In n ns I fun
AgainwecanverifythisresultbymultiplyingWAR
NotesonQuadraticforms
oneofthereasonsweareinterestedinquadraticformsrelatestotheiruseindescribinglinear
transforms
considerthetransformit ARThesquaredlengthofthevectorAIisaquadraticform

HARH'sAug AE ITATAR
NotethatATAissymmetric
Inotherwordswecanusesymmetricmatricesandtheirpropertiestoforexamplecharacterize
lineartransforms



Exercise
considerthequadraticfwm Q 4nF16NnotME
wecanrepresentQusingasymmetricmatrixA

Q riAE I hi A KaiGi
Whatvaluesshouldbeusedfora auandau

Q cnn.fi Xhi
Changeofvariable

MotivationDoesthisinequalityholdforallu y
n ONy 194270

Toanswerthisquestionconsiderthefollowing
ThepolynomialQ noGuy1942isanexampleofaquadraticform
The buytermis acrossproducttermbecauseitcontainsbothvariables
Thecrossproducttermmakesproblemslikethisonemorecomplicated

GwenQ FEARWhereEER isavariablerectorandAisarealnxnsymmetricmatrixThen

A pDPT

wherePisan axinorthogonalmatrixAchangeofuaviacanberepresentedas
I Py or if p in

WiththischangeofvariablethequadraticformFEARbecomes

A ITAE4PITYACAT
ITPART
FDy using A PDPT

ThusQisexpressedwithoutWHproductterms

gproofuptherePrincipleAxesTheorem
IfAisasymmetricmatrixthenthereexistsanorthogonalchangeofvariable I PPthattransforms
ITAItoyDpwithnocrossproductterms
Example

computethequadraticformQ ITAIforA Ef andidentifyachangeofvariablethat
removesthecrossproducttermTheeigenvaluesandeigenvectorsofAaregivenbelow

A a9 1 4 rt f B I



ourchangeofvariableis E Rf P tf f
Usingthischangeofvariable Q ITAE pTDif 9yf t4422
If forexamplewesetQ I weobtain2onNesi

nl Yrn a

M Y

Q5h44My18y
2 1 Q94it44i 1

Usingthechangeofvariablewecanmoreeasily
identifypointsontheellipsethatareclosestfurthestfromtheorigin
determinewhetherQcantakeonnegativepositivevalues

Returntomotivatingquestion doesthisinequalityholdforalln y

Kfry19y 70
letQ re buy19y

Q ri buy19y It ffg3 I A I4
Byinspection Aissingular A o
Thesumoftheeigenvaluesisthetrace a 10

Q PTDP Oy t10yd
Qcanbezerobutisnevernegative Theinequalityhorde

Exercise

Inthisexerciseourgoalistocreateachangeofvariablethattransformsthequadraticfarmbelow
intoanotherquadraticformthathasnocrossproductterms

Q n f knn 4nF

firstweneedtoexpressQintheform aITARforsymmetricA
A fly Thecoefficientofthecrossproducttermdividedby2isusedfortheoffdiagonal

entriesofA

NextweneedtoorthogonallydiagonalizeAOneoftheeigenvaluesofAisT e 8Whatisthe
othereigenvalueofAequalto



wecanobtaintheeigenvaluesusingthecharacteristicpolynomialButitislessworktousetheidea
thatthesumoftheentriesalongthemaindiagonalisequaltothesumoftheeigenvalues

X Xzz l tC4 3

Since I s 8 8 tX 3 Az 5

Aneigenvectorassociatedwith7 8 isVTa f Whatiscequalto
X e 8 A C8 I 16 44 wedonotneedthesecondrowwhenlookingfortheeigenvectorofa2X2MattX

c 2 I f
NextweusetheeigenvectorsofAtoconstructthechangeofvariable

whenconstructingthechangeI Pup P PPI P ofvariabledon'tforgetthatwe
needunitvectorsthecolumnof

12 5 A 51 If If I Pshouldbeorthonormal

I e pF P

finallywecanwriteourquadraticformbelowintoanotherquadraticfarmthathasno
crossproductteams

Q 8y tCzyi
Whatnumbershouldweuse tea E theothereigenvalueofA
Quadraticsurfaces

MolNation wewillwanttosolveoptimizationproblemsofthetown

minimizeQ IAIMsubjecttoconstraintson I
TOhelpunderstandthisproblemitishelpfultohaveageometricinterpretationofQHARM
RecallthatQ HAIKERTAARisaquadraticfunctionandAAissymmetric
Terminologythatdescribestheshapeofawillalsohelpusdiscusstheoptimizationproblem

ExampleofacurveinIR a IT 7 f I 2ns1244my I
AswevarythevalueofCthesiteofour
ellipsewillchange

on Yaffaeaten varycontinuouslywegenerate



surfaces

suppose2 Q Il ITARwhereAE1122 issymmetricThenthesetofpantsthatsatisfy

2 ITAR
definesasurfacein1123

ClassifyingQuadraticForms

DEFINITION
AquadraticformQis posthedette ifQ OV It8

negativedetintel if QCOV I to
positivesemidetintt if Q70V I
negativesemidette it QEOVR
4indefiniteHQtakesonpositiveandnegativevaluesforItoi

QuadraticformsandEigenvalues

Theorem
If Ais asymmetricmatrixwitheigenvaluesXi thenQ ITAI is
positivedetmitewhenalleigenvaluesarepositive
negativedeaultwhenalleigenvaluesarenegative
indefinitewhenatleastoneeigenvalueisnegativeandatleastoneeigenvalueispositive

ProofAssumingAsymmetricwecanwriteA PDPTandsetI Pigso

Q ITAE PETAPF
ITPTAPf
IT'Df usingA PDPT
Ediyi becauseDisdiagonal

Because yi isalwaysnonnegativeforY'to
Qispositivewhen ti X 70 Qispositivedefinite
Qisnegativewhen ti X co Qisnegativedefinite
indefinitewhen7ihasbothnegativeandpositivevalues

QuadraticFormsandEigenvaluesExample

Q 4re my 242aETAI A ft f X I To

eigenvaluesarebothpositiveandnegative aisindefinite

TrueorFalseThequadraticformQ re Hy ydIsnegativedefinite
Q ETARe I

TfI If I I Y
TheMatrixAhaszeroeigenvaluesotherearemanylocationswhereQcanbezeroAnyvectorinthe
nullspaceofAcorrespondsto apointwhereQ o



Forexamplesthevector t isinthenullspaceofA AtthepointIny e l il wehavethat
Q I11 2 l ft 12 0

Thequadraticformiszeroawayfromtheoriginsotheformisnegativesemidefinitebutnot
negativedefinite i FALSE

TOPIC3 ConstrainedOptimization

Temperatureonasphere

Thesurfaceofaunitspherein1123Isgivenby
1 ni t ni t ni Half

QIsaquantitylegtemperaturethatwewanttooptimize

QlE e9h t in it3m32

IdentifythelargestandsmallestvaluesofQonthesurfaceofthesphereandwheretheyarelocated

SolutionLargestvalueofQonasphere

wewillidentifythelargestvalueofQonthespherefirst

Q IT of E 9nF14ni13ns E9m49kit9ns
9Initnetni
9HIM 9

Weareonlyconsideringpointsonthesurfaceofthesphere HTTP 1
Thus

Noticethattheminimumand
Max Qn HRH I3 9 andMaxoccursat it maximumvaluesofQwerethe

eigenvaluesofAandthe
Asimilaranalysisyields correspondingeigenvectorsgave

MHEQCHi lEH 1 3 andmnocausatp
0 theirlocations

AConstrainedOptimizationProblem
ThisIsanexampleofaconstrained

supposewewishtofindthemaximumorminimumvaluesof optimizationproblemNotethatwe
mayalsowanttoknowwherethese

Q I ITAI IEIR AERnh extremevaluesareobtained

subjecttoHIM I Thatis wewanttoand m mmEQCRHEH I3
M Max QCI 11h41 I3



ConstrainedoptimizationandEigenvalues

Theorem

If Q ITAI AisarealnXnsymmetricmatrixwitheigenvaluesX Xz uand
associatednormalizedeigenvectorsUTUT Mn

Thensubjecttotheconstraint11511 1
themaximumvalueofQB I attainedatR tu
theminimumvalueofQing Xuattainedat I tun

ProofformaximumvalueofQi

AssumeX isthelargesteigenvaluewithcorrespondinguniteigenvectorvi

Q ITAI yTDy usingA PDPT I PI
Exy2 becauseDIsdiagonal

EEXy2 because I Isthelargesteigenvalue
XEy
X114712
A becauseily112 1

SothemaximumvalueofQisatmost4 AndQ 7 at tu because

QINT iti'Ani UFXiu 7

Exercise
AunitvectorthatgivesthelocationofthemaximumvalueofQE nf2misubjecttosize I
TRER2 is

I k
whatisKequalto

ThematrixofthequadraticformisA lo9 EigenvaluesofmatrixA I 2
MAXIMUMvalueofasubjecttoITI 1Is1

Applyingtheusualapproachforidentifyinganeigenvector
A X I A I 8 3

AuniteigenvectorinthenullspaceofA XI is I f i k O



ConstrainedOptimizationwithaRepeatedEigenvalue

Example
CalculatethemaximumandminimumvaluesofQl aFEAR I e1123subjecttoHRH I and
identifypuntswherethesevaluesareobtained

Q I nf t2km3
ForQR n tZnanswehaveQR ITAI A

Byinspection Ahaseigenvalues 1don'tforgetthataneigenvalue X isanumberthatmakes
A II singular ForX I

a a FIFI afool oi.frf
BecauseAissymmetrictheeigenvectorforeigenvalueX ImustbeorthogonaltoVTandUTSo
byinspection

p

ThereforetheminimumvalueofQis 1andisobtainedat103ThemaximumvalueofQis
It whichisobtainedatanyunitvectorInthespanofVTandVT

Theimageshownbelowistheunitspherewhosesurfaceiscoloredaccordingtothequadraticfrom
thepreviousexamples

Noticetheagreementbetween
oursolutionandtheimage



Exercise
supposeQisthequadraticformbelow

Q ITAI I

TheMINIMUMvalueofQsubjecttoHIM L isQ 4
AneigenvectorofAassociatedwitheigenvalue 1 4is

F f
whatis cequalto

a a ae f I fYI
Theentriesoftheeigenvectorassociatedwith4 4mustthereforesatisfytheequation
n 12Mtus OThatis iftheeigenvectorIs

find
thenwemusthavethatn 12N t n O

GwenP N O N 4 O t kDtRs O k 2

TheminimumvalueofQsubjecttoHIM4 isobtainedatriowhere

I
If F isparalleltoFloandKo OwhatmustkbeequaltoDon'tforgetthatweneedHRH l

ToobtainthelocationoftheminimumwecantakeoureigenvectoranddividebyItslength

Po fyffe i k 2hr5

OrthogonalityConstraints

Theorem

SupposeQ ITAE whereACRmnissymmetricandhaseigenvaluesX 7X Xuand
associatedeigenvectorsutTh In
SubjecttotheconstraintsHRH4 andRUTO
themaximumvalueofQB eXi attainedat I ut
theMINIMUMvalueofQB In attainedat I In



proofTheproofofthistheoremusesasimilarapproachtothetheoremthatgivesthemaximum
ofasubjectto11h41 I
wewoulduseachangeofvariableandexpressQusingadiagonalmatrixandanorthonormal
basisforRh
Infactwecouldusethisapproachtoidentifymaximumvalueswithadditionalorthogonality
constraintsThiswouldgobeyondthescopeofwhatweneed

Example
calculatethemaximumvalueofQfn4aFEAR IC1123subjecttoDrill landtoRUi 0and
identifyapointwherethismaximumisobtained

any n t2mm UTft

Q I AR If I X

If X l A I f ii UI f
maximumvalueofQis 11 obtainedat UT

Exercise
SupposeQ isthequadraticfansbelow

Q ITAI A f I eH
TheeigenvaluesofAare 5 IandIThusthemaximumvalueofasubjectto11811 1Is
Qi 7 LAndthismaximumisobtainedatthecorrespondinguniteigenvectorTy
supposethemaximumvalueofQsubjecttoHell land I Bi OisQ WhatisQuequalto
ThemaximumvalueofQsubjecttothetwoconstraintisthesecondlargesteigenvalue I
Qz I

supposeQ Q2isobtainedatthepointkiOkz andKz70Whatmustkbeequalto

Thereare2locationswhereQeQr andtheyaregivenbytheeigenvectorfortheeigenvalue
X l

i a the II I YgIIl
Theeigenvector itmustthereforesatisfyREOandequationn th50



Aneigenvectorcorresponding107 1is

TheeigenvectormustatsohaveuntlengthTheuniteigenvectarthatweneedls

Tiff ik KE


