
 

MODULE9iDIAGONALIZATIONANDPAGER.AM
T 4nearAlgebra3 Determinantsand

eigenvalues

TOPIC1 Dlagonalization

PowersofMatrices

Motivation itcanbeusefultotakelargepowersofMatthesforexampleAKforlargek
But multiplying2 nxnmatricesrequiresroughlyofcomputationsIsthereamoreefficientway
tocomputeA

DiagonalMatrices

DEFINITION DiagonalMatrices

Amatrixisdiagonaltftheonlynonzeroelements ifanyareonthemaindiagonal

Thefollowingarealldiagonalmatrices

a co ice
Wewillonlybeworkingwithdiagonalsquarematricesinthecourse

PowersofDiagonalMatrices

IfAisdiagonalthenAkiseasytocomputeforexample
A IE
A toEofE EE
Ake

Butwhatif Aisnotdiagonal

Magonalitation

DEFINITION DiagonalZAHM

SupposeAe112mmwesaythatAisdiagonalif itissimilartoadiagonalmatrixD
Thatis wecanwriteA PDP

AlsonotethatA pDD if A foTh NY a InfNi Ten5

NT TinaredineanyindependenteigenvectorsandX Xnarethecorresponding
eigenvalues Inorder



Proof WeconstructD CutVT VII Then
AP AINTTiz Tn

CAN'T AVI A
17Th Avi Anon

Ap I ni 5h11 K
n

PD
W A PDP QED

Theorem IfAisdiagonalizable Ahashlinearlyindependentrectus

Note meansifandoulyifl.tt

Examples

Diagonalizeifpossible ff A

X 2 CA21101 8600 Gaz o neo I

Az I A11101 130Yoo 3N16k o VI

A PDPI

46.418.916 HIHello
Example2

Diagonalize apossible d p

I I A110 Ood f m o T f
Aisnotdlagonaltzable



Exercise
SupposeMatHXAis 2 2andhastheeigenvectorsandeigenvaluesbelow

X I NT X O TE 5
IfA ff AaYz whatisa equalto

D 75 P yes su IE49IT
is to8 Y o ai
A PDP1

if
i toAH Itt X

A I E Yaa
A 6

DiagonalHattonTheorems

Motivation howcanwedeterminewhetheragivennxnmatrixcanbediagonalized
canwedeterminedwhetherasquarematrixcanbediagonalized4weknow
thealgebraica geometricmultiplicitiesoftheeigenvalues wecan
whetherthematrixisinvertible wecannot
ifamatrixhasarepeatedeigenvaluehowcanwediagonalbethematrix

TheoremDistinctEigenvaluesandDlagmalizabulty
IfAis axnandhasadistincteigenvaluesthenAisdiagonalIzalde

Whydoesthistheoremhold
foran inn matrixtobediagonaltableitmusthavealineanyindependenteigenvectors
Eigenvectorscorrespondingtodistincteigenvaluesareindependent

Is Itnecessaryforan innmatrixtohaveindistincteigenvaluesforIttobediagonalIzable
NOTheidentitymatrixIsdiagonalIzable

DiagonalHattonExample1
GiveanexampleofanonzerosquarematrixthatisinRREf Isdiagonal2ableandissingular

Solution Anymatrixthathasdistincteigenvaluescanbediagonalized
Thismatrixbelowcanbediagonalized

A I 8
Thismatrixcanbediagonalized
A pDpl p p I fY D f f

Note Ifweknowthatamatrixisnotinvertiblewecannotconcludethatthematrixisnot
diagonaltable



HowcanwetellwhetheramatrixwithrepeatedeigenvaluesIsdiagonalIzable

TheoremDiagonal2ability

suppose Aisany nxnrealmatrix
AhasdistincteigenvaluesX Xk kEn
a algebraicmultiplicityof7
4g dimensionof7 esgenspaceorthegeometricmultiplicity

Then
4AisdiagonalIzable Eg n esg a Vi
Aisdiagonal2able theeigenvectors VeigenvaluestogetherformabasisforRh

DiagonalIzationExamples Thefollowingareequivalent
nxnmatrixAisdiagonalIzable

TrueorFalse IfAisnotinvertiblethenAisnotdiagonalizable Eg n
False IfA OoOo thenitisnotinvertibleandcanbediagonalized g a if I

theeigenvectorsVeigenvalues
A PDP to988 f f togetherarmabasisforRn

Note somematricesthatarenotinvertiblecanbediagonalized
4somematricesthathavearepeatedeigenvaluecanbediagonalized

DiagonalIzationExample3
ForwhatvalueofKisA f f diagonaltable
Casel i k OThenA I f9andcanbediagonalized

A pop e ffY f9 to9
case2i ktoThenA f f andX LObtaineigenvectors

CAHo f to8 E f
AcanonlybediagonalizedwhenK O matrixinvertbuttydoesnottellifmatrixis

diagonalIzablehavetolookatmultiplicitiesofthe
Note MatrixAIsInvertibleVvaluesofK I eigenvaluesorwhethertheeigenvectorsspanallofournMatriXAisdiagonalIzable 7valuesofK

Theinvertbuttyofamatrixdoesnottellusanythingaboutwhetherthematrixis
diagonalIzable

DiagonalIzattonamatrixwithRepeatedEigenvalues

Howcanwediagonalizeamatrixthathasarepeatedeigenvalue

TheonlyeigenvaluesofAareX IandX X3 3 IfpossibleconstructPandDsuchthatAPPD

a t I I



X 1 Identifyingcorrespondingeigenvectors

a at a I IIIEII I4 n r af n nM I
R ah Riff09Y RitRsf I I Mtn E In If

AvectorinthenullspaceofAAsI isNT Ig
Xs 3 A X I A 3I

I Ig Ido eigenvectorsTo findingtoa smustsatisfy
thisrelation
N andn arefreevariables
N Ns4kg

Parametricvectorform

EH ii Infotinfoil
p ai i iii fI I afIIi too

Exercise ArethefollowingmatricesdiagonalIzable

I

45
A f f f U TheeigenvaluesofAcanbedeterminedbyinspectiontheeigenvalues

aredistinctandeigenvectorscorrespondingtodistincteigenvaluesaredueany
independentSowecanformaninvertiblematrixPwiththeeigenvectorsofAF E so Aisdiagonalizable

A I f X TheeigenvaluesofAcanbedeterminedbyinspection theeigenvaluesare
notdistinctAneigenvectorwecanfindforthismatrixis f butwecannot
constructanothereigenvectorthatwillallowustocreateanInvertiblematrix
Pbecausethedimensionoftheeigenspaceisonly1Sowecannotforman
invertiblematrixPSoAisnotdiagonaltable

MatrixPowers

Motivation supposeAisanminmatrixRecallthat
InsomeapplicationsweneedtocomputeAkforlargeK
computingAKdirectlycouldrequiremanycomputationsespeciallyifnislargeand
manyoftheelementsinAarewomen
Usingtheconceptofsimilarmatriceswecanobtainamoreefficientapproach



ExampleMatrixPowers

SupposeAisa 2 2matrixwhoseeigenvaluesandassociatedeigenvectorsareasbelow
ComputeA00

A I NT 7 i Th s Tz 1
BecausetheeigenvaluesofAaredistinctwecandiagonalizeA

A Pppi
A PDpPDPI pp2p1 ft k I I
A PD PDPPDD PDP 7 I tf 1
AkeDDkp1

ThustocomputeA00 wecaninsteadcomputePDoof
usingthesevaluesA hecomes

no 2A00 Donopi y E l y
0 2 IIf X oooh I

said XHI shooKiki'd shooKoEl
too f f

A100 210012

Exercise
supposematrixAis 2 2andhasthefollowingeigenvectorsandeigenvalues

X t ni 7 i 1 0 the
NowsupposewewanttocomputeAo

If A 8 I whatisanequalto
p1

A0 PDP p f E D I8 a I I55 E
4751188141 ti's HI
4 5kHfi fi81ft 49 i ane



TOPIC2ComplexEigenvalues

ReviewofcomplexNumbers

setofimaginaryorcomplexnumbers E a bi I aibE1123 i F1
Additionandsubtractionexamples

3i tCl ti 2 l t 31Di I 21
2 31 l I ti 2 12i13i 3i

2 t 5i 13 it I
I 151

Wecanconjugatecomplexnumbers atb a bi

Theabsoluteofacomplexnumber la tbi l fate
wecanwritecomplexnumbersinpraetorin atib r asx istrip where

r 1atbI I an y eka Emel
r
Cab

complexconjugateproperties

99 rectsIf nandyarecomplexnumbersFEEn itcanbe 0
Shownthat
NtyT It f
AT AE AERmm
Im RI

Example trueorFalseIf nandyarecomplexnumbers thenTRY RF TRUE

Let a atbi y Ctdi NT CatbiketdiT
Lacbd 1Hadtbc
ac bd iCad bc
a bi Cd'll IF CQED

conjugationreflectspointsacrosstherealaxis
IMEh 7 z ktyi

94 Reet y

E n yi



Exercise trueorFalse If KERandZE E thenKI KI TRUE

let z atbi KI klatbiT Akiba
ak bki
kCabil KE QED

ExercisetrueorFalse If Ais areal2 2Matrixand I isavectorwithtwocomplex
entriesthenAT AF TRUE

If n inz EE then F t R
IfM K E Eandan anER then aun.to qpeT anxT

a I taunt
supposeA AAI andI Nui is a vectorwithcomplexentriesthen
Artis avectorwithtwoentries

AT ann ta n
aan taun

AT aini ta nni
ana anaHaa 8M

AV AF QED

complexNumbersandpolynomials

TheoremFundamentalTheoremofAlgebra
Everypolynomialofdegreenhasexactlyncomplexrootscountingmultiplicity

Forexample K 2 2 is a2ndorderpolynomial Ithastworoots
k 24n l isa3rdorderpolynomial ithasthreeroots

Theorem

If XE E is arootofarealpolynomialpen thentheconjugateIIsalsoarootofpens
Becauseofthistheorem ifXisaneigenvalueofrealmatrixAwitheigenvector8

thenI isaneigenvector4AwitheigenvectorF

AT XP
AF IT
AF IF

Examples
If Aisa 2 2matrixandoneofItseigenvectorsis I giveanothereigenvectorofA

thatisnotamultipleof8 a f
fouroftheeigenvaluesofa 7 7matrixare 2 4ti 4 I andI Whataretheother
eigenvalues 4 i 4ti i



Exercises

supposeAisa2 2MatrixandoneofitseigenvectorsisJi f I
WhichofthefollowingvectorsisalsoaneigenvectorofA

coupegateofUT

24 multipleare

SupposeAis asquarematrixand7 Hi isaneigenvalueofA
WhichofthefollowingwouldhavetobeaneigenvalueofA

I
yw

IfT isaneigenvalueofAthentheconjugateofXisalsoaneigenvalueofA

IfT isaneigenvalueofAthentheconjugateofXisalsoaneigenvalueofA
OtherwisewedonotknowenoughaboutAtodeterminewhatitsothereigenvalues
couldbe

RotationsDilatorsandEigenvalues 4 ol4
Thestandardmatrixforthetransformthatrotatesvectorsby4 44radiansabouttheoriginandtheirscalesfordilatesvectorsbyr E is

a to916958 satinetftH
whataretheeigenvaluesofA Expresstheminpolarform ImCzh

O detCA AI fl X 2 1 X 2X12 ll l
A 2 tJ4 4 l L

2 9 ReCzI t'sF4 I ti o d
fit cos Ii sinE
r cosp ssin41

GeneralRotationDilationcase

Thematrixinthepreviousexampleis anexampleofanotationdilationmatrix
Arotationdilatormatrixhastheform

c I ab
calculatetheeigenvaluesofcandexpresstheminpolarform



O det c XIl aXPtb 72 2aX162tby
y 2a tV4a 4C la'tb l a FI2 2
AIbc r cosoft t sm il l where r oftb tan f

RotationDilationMatrices

DEFINITION RotationDilationMatrix

4Amatrixofthefam c Ababis arotationduatimmat becauseitIsthe
compositionofantationby4anddilationby r where

r2 a tb TanX hat
MoreovertheeigenvaluesofcareA aEbl

ExampleDeterminetheeigenvaluesofA 2
Becausethisisanotationdilationmatrixwedonotneedtodeterminethecharacteristic
polynomial Theeigenvaluesofthismatrixare

X 2 I3i

Exercisei
supposeTHE Artisalineartransformthatmapsvectorsin1122tovectorsinR MatrixA
is therefore 2 2 supposealsothatAisanotationdilationmatrixso1scalesvectorsin1122by
afactorofKandrotatesthembyanangle0 Assumek 0therotationiscounterclockwise
and0EOE it

ImaG1
If theeigenvaluesofAareX T2414it

44524oz
whatmustkbeequalto

EigenvaluesofA a T24 I41 452I 4T2i
r k a b 452 TO ReK2 4G2 t 4FLY 0
64

K I8
Sincl k70 k 8

bwhatmust0beequalto

anO 4ft I retO tan I 44rad

Given0EOEte O 44rad



Thepop Decomposition

Theorem
If Aisareal2 2matrixwitheigenvalue a a bilwherebtOlandassociatedeigenvector
I thenwemayconstructthedecomposition

A pop1 tindprooffromothersonnes
where

pyrent IMF andC ab ha

Cisreferredtoasantatdkationmatux because'Histhecompositionofantation bye
anddilationbyr
theA Pop decompositionallowsustocomputelargepowelsofAefficiently

Example Ifpossibleconstructmatricespandcsuchtha APPC.TWeigenvaluesofAaregwen
A 7 2 4

A71101 173.2 8 l Hn 2k 0
misfree Setu I X

A XIhas10 l XIN 21171 0 74 2
besmsmwatfua.eu EigenvectcrB Ex
areexpectedtobe L gg

ichoosesiletheroneis
multiplesofeachother

4 if ftp.yqueiipcrew7 mcv7ef79 C fabab f7I
ExercisesupposeAisthematulxbelow

A TI
WhkhofthetonowingvectusareeigenvectorsofA

Hv liv fit
ByinspectionAisantationdilationmatrix 4 2 Ii

A 71101 12 dHN n O 2 7 n _me

E H
Is.is f f



TOPIC3 GooglePageRank

ExampleicarRentalcompanyfromModule8

Acarrentalcompanyhas3rentallocations ABandCCarscanbereturnedatany
locationThetablebelowgivesthepatternofrentalandreturnsforagivenweek

rentedfrom
A B C

A 0.8 OI O2
returnedto B O2 OG O3

c O O3 05

Thereare1000can ateachlocationtodayWhathappenstothedistributorofcarsaftera
longtime

CanusethetransitionmatrixP tofindthedistributionofcatsafter1Week

I PE P fof
Thedistributionofcatsafternweeksis

In purpo
BecausePisregularstochasticTintendstoasteadystatewhichwecanfindbysolving

ColeE
P I q of

Recall AstochasticMatuXPisregulateifthereissomeKsuchthatPkonlycontains
strictlypositiveentries

wecandeterminewhetheramatrixP IsregularstochasticbycomputingPKforK23,4
Butsometimeswecanseefrominspectionthatamatrixwillnotberegularstochastic

DeterminingWhetherAStochasticMatrixisRegular

Example
Byinspection isthecorrespondingstochasticmatrixregular Isthereasteadystate

Ag L
P Ig nie MI

D c E If E



TheoremRegularstochasticMatrices

IfPisaregularMXMstochasticmatrixwithMH then
foranyinitialprobabilityvectorIo InaPThof
Phasauniqueeigenvectortf whichhaseigenvalueX I
thereisastochasticmatrix1Tsuchthatensignsph IT
eachcolumnofITisthesameprobabilityvectorI
theeigenvaluesofPsatisfyTHE1

LongtermBehavior

ToinvestigatethelongtermbehaviorofasystemthathasaregularstochasticmatrixP we
could
computethesteadyestatevecter I bysowingCP I g I
computePMIforlargen
computeP forlargen eachcolumnoftheresultingmatrixIsthesteadystate

computingpmforlargeu requiresacomputerStudentswouldnotseemuchproblemsonexams
buttheymayappearonhomeworkandotherpartsofthecourse

Examples SteadyHate

TrueorFalse asteadystatevectorforastochasticmatrixisaneigenvector

Tine Pop I I I
Giveanexampleofa 2 2StochasticmatrixA thatis inechelonformAsteadystate
vectortotheMarkovchainIisti Atticis I lo

A I f9 AIf of
Example convergence

IfpisaregularstochasticmatrixwithsteadystatevectorF f andEtuff
whatdoesthesequencetheaPkFloconvergeto

NT F as k as



Example LongtermBehavior

ConsidertheMarkovdrain
The Artie 8I 88Hey k I 2 3 Io 9

TheeigenvaluesofAare1and0.6AnalyzethelongtermbehaviorofthesystemInotherwords
determinewhatniatendsto ask A

CA I lol to 8 a HH
as K oes ri I Ift

Exercise
SupposeP is aregularstochasticmatrixwithsteadystatevector

ni tuff
and

E to

AsKgoestoinfinitythesequence II pkFoconvergestothevectorbelow

whatisn equalto

E

PisregularstochasticsothesequencewillconvergetothesteadyHatenomatterwhatno
happenstobeaslongasnoisaprobabilityvector n O4

GooglePageRank

Therearemanysearchenginesthatwecanusetofindrelevantinformationontheweb
whensearchingforinformationontheInternetusinganysearchenginewecanbepresented
withmanysearchresults
for asearchenginetogiveusefulinformationtotheuseritmustquicklyordersearchresults
insomeway
essentially howcantheenginequicklydecidewhichresultsappearatthetopofthelist

MathematicalModelforWebTraffic

ThePageRankalgorithmisbasedonamathematicalmodelthatassumesthatwehave
acollectionofwebpagesthathavedakstoeachother
userswhoarenavigatingtheweb
asetofrulesthatgovernhowtheusersnavigatetheweb



weimposeassumptionsabouthowtheusersnavigatetheweb
Auseronawebpageisequallylikelytogotoanypagethattheirpagelinkstob It auserisonapagethatdoesnotlinktootherpagestheuserstaysattheirpage
ThedistributionofuserscanbemodeledusingaMarkovprocess That Priwhere
niceit isaprobabilityvectorgivestheproportionofusersoneachpageatiterationK
P is an nxnstochasticmatrix tellsushowuserstransitionfromoneIterationtothenext
n isthenumberofpagesintheweb

ExamplewebwithFivePages

AsetofwebpageslinktoeachotheraccordingtothediagrambelowUsetheassumptionson
thepreviousslidetoconstructaMarkovchainthatrepresentshowusersnavigatetheweb

A BorD Caways
A B B A CorD 3ways7
is C AorB 12ways

I D t E lI way
E Q assumedallusersstayonthat

C D E page

A B c D E

Iia PRk i k on f
efcalleda 1

transHam
Matrix

TransitionMatrixImportanceandPageRank

Thesquarematrixweconstructedinthepreviousexampleisatransitional Itdescribes
howuserstransitionbetweenpagesintheweb
Thesteadystatevector I fortheMarkovchaincancharacterizethelongtermbehaviorof
usersin agivenweb
Theimportanceofapage in awebaretheentriesofI
ThepageRanicistherankingassignedtoeachpagebasedonitsimportance.Thehighestranked
pagehasPageRank1 thesecondPageRank2 andsoon
TwopageswithsameimportancereceivethesamepageRanksomeothermethodwouldbeneededto
resolveties



Exercise

Awebconsistsofexactlythreepages ABandC
pageAonlylinkstoB
pageBhaslinkstopagesAandC
pageCdoesnotlinktotheotherpages

ThetransitionmatrixforthiswebPhastheform
A f b O

P G a O cs I

whatarethevaluesofa b G Gandc3
RemainingQuestions

OursimplemathematicalmodelhassomelimitationsthatmustbeaddressedforIttobeuseful
wasourtransitionberegularstochastic
whatcanwedotobuildamodelthatwillgiveusaregularstochasticmatrix
whatcanwedotobetterhandlethepagesthatdonotlinktootherpages
AdjustmentsNeeded

OurmathematicalmodelforPageRankCPRhastwoproblems
thetransitionmatrixisnotregularwedonothaveauniquesteadystate
pagesthatdonotlinktootherpagescanhavethelargestimportanceorhighestPageRank

Adjustment1 If auserreachesapagethatdoesnotlinktootherpagestheuserwillchooseany
pageinthewebwithequalprobabilityandmovetothatpage

wewMdenotethismodifiedtransitionmatrixasp

Example PandP areasfollows
A 7 B O l O O O I 0

TX nf I itc u
C D E

Adjustment2 Auseratanypagewillnavigatetoanypageamongthosethattheirpagelinks
towthequalprobabilitypandtoanypageinthewebwithequalprobabilityi p
Thetransitionmatrixbecomes

Gpp l P k

Alltheelementsofthenxnmatrixkareequaltout
Note p isreferredtoasthedamp.mg torGoogleissaidtousep o85

Adjustment2forcesGtoberegularstochasticwhen0Cpel



GoogleMatrixExample
TheGoogleMatrixforthiswebwithpO85Is

A B GeO85P to I5kwhere
is

IX e I it
ComputingPageRank

BecauseGisstochasticforanyinitialprobabilityvectorFeo

ndYG Ii I
WecanobtainsteadystateevaluatingGMTforlargenbysolvingGfE orbyevaluating
In Grinforlargen
Elementsofthesteadystatevectorgivetheimportanceofeachpageinthewebwhichcanbeused
todeterminePageRank

LargestelementinHeadystatevectorcorrespondstopagewithPageRank1secondlargestwith
PageRank2 andsoon

Exercise

Awebconsistsofexactlythreepages A BandC
pageAonlylinkstoB
pageBhaslinkstopagesAandC
pageCdoesnotlinktotheotherwebpages

aretransitionmatrixinthisweb

p foglyOg

Aftermakingadjustments1and2 andusingadampingfactorof0.85wecanconstructtheGoogle
MatrixGTheGooglematrixhasthefollowingarm

G pP HPIK G O8510 015k

WhatiseveryentryofmatrixKequalto In 13
MatrixP hastheformbelow

1
Finda biandc a b c Is

withadjustment2 auserwillnavigatetoanypageinthewebso
everyentryinthelastcolumnoftheadjustedtransitionmatrixwillbe
equaltoIg


