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TOPIC1 Markovdrains

MarkovchainandsteadyStates

Example
Asmalltownhas2libraries AandB 0.3After1monthamongthebookscheckedoutofA
807returnedtoA 0.8G A B 90.7
4so7 returnedto B O2

After1monthamongthebookscheckedoutofB
G307oreturnedtoA
4707returnedto B

Ifbothlibrarieshave1000bookstodayhowmanybooksdoeseachlibraryhaveafter1month
After1yearAfternmonths
Cassthemptiomods

areequallydividedbybetweenthetwobranchesdenotedbyieo EfWhatIsthe
distributionafter1monthcallItNY Aftertwomonths

After kMonthsthedistributionis whichiswhatintermsofTeo

Efrainmm immunity I EH X
Pto

Ij Dnt PfPRO PFo
RsiPhi psni

Tic P ni

Markovchains
Afewdefinitions
4Aprobabiltyvect isavector I withnonnegativeelementsthatsumto1
4Astochastatux is asquarematrixPwhosecolumnsareprobabilityvectors
4AMarkovchainis a sequenceofprobabilityvectors andastochasticmathxDsuch
that

Nk PTI K O I 2

Asteadystateuect forPisaprobabilityvectorIssuchthatDof



Example Identifyingasteadystate

Determineasteadystatevectorforthestochasticmatrix

p f I
AHeadystatewouldsatisfyPope f

PI I OPf II O II 2E
P 1 I 8
P I I S I Is I
2N t3N D
setn2 2 n 3 I Ifw

3 2 suchthat 2 3 1 L a l
Exercise
considerthefollowingCitymigrationproblemwheretherearetwocitiesXandYThereare
12000peopleamongthetwocitiesEveryyear
topercentofthepeoplefromx stayinX theremaining30percentmovetoX
40percentofthepeoplefrom4stayin 4 theremaining60percentmovetoX

ConstructaMarkovchainfortheaboveprocessandidentifythesteadystatevector
IftheMarkovprocessis in asteadystatewhatIsthepopulationInthecityX

b IftheMarkovprocessis in asteadystatewhatIsthepopulationInthecity4

Assumingthenumberofpeopleareequallydistributedamongthetwocities

nie nie too x
PUT

P 1875

Togetsteadystatevectorf PfzEfP 1of OP
P I I I o.Oit f 83 too3 8.818

O3N tOebNL 0 Letu I N 2
steadystatevectorg f If7

Populationofthetwocalls
Y x 12000 48 iPopulationinX 8000

Populationin4 4000



Markovchain convergence

weoftenwanttoknowwhathappenstoaprocess

K P I k k 0 I 2

as k as

Wemaywanttoknowforexample ifthesequencegeneratedby
NTPlz I3

willconvergeto asteadyslateandIfsowhatthosesteadystatevectorsare

RegularStochasticMatrices

DEFINITION RegularStochasticMatrices

AstochasticmatrixPisregularifthereissomeksuchthatPkonlycontainsstrictly
positiveentries

Thismatrixisregularstochastic
a look 8 told5

Anotherexampleofaregularstochasticmatrix

B tof F
Naethat

is f I II toHo 14
BecauseBZhasstucthypositiveentriesfork 2 Bisstochastic
Itcanbeverydifficulttodeterminewhetheramatrixisregularstochastic

ConvergenceandRegularStochasticMatrices

Theorem
If Pis aregularstochasticmatrixthenPhasauniquesteadystatevector9and
II Pickconvergestoq ask as



Example carRentalcompany

Acarrentalcompanyhas3rentallocations ABandCcarscanbereturnedatany
locationThetablebelowgivesthepatternofrentalandreturnsforagivenweek

rentedfrom
A B C

A 0.8 OI O2
returnedto B O2 OG O3

c O O3 05

Thereare1000carsateachlocationtoday
constructa stochasticmatrix Pforthegwenproblem
bWhathappenstothedistributionofcarsafteralongtimeYoumayassumethatPisregular

A If nak nBk kc arethenumberofCavsInweekk atlocationsBB Crespectively then
afteroneweek

MA OMAo tO lNBo O lNco
NB i O2NAo tOGNBo tO3Nco NT PFlo

Nc O3NBo t OSNc o

where p f I to E
Pis regular canassumethatPhasauniquesteadystatevector andIet PRic
convergestopask A

Thesteadystatevectorofisgivenby
popof

Poi E TO
CP IlE E

isaprobabilityvectorinNauP Il WeneedtocalculateP Iand I

to it L
isavectorinthenullspaceoftheabovematrixWeapplytheusualprocessforfindinga

vectorinthenullspaceofamatrix

Ol 02 O 2 0

to HI HoiIE I
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Therefore avector inthenullspaceofP I is it
AprobabilityvectorinthenullspacesofFff ThisIsoursteadystatevector

NomatterwhattheInitialdistributionofcarshappentobeafteralongperiodoftimethe
distributionofcarsisgivenbyf

Exercisei
considerthecitymigrationproblemusedearlierwheretherearetwocities XandXand
everyyear
70 ofthepeoplefromXstayinX theremaining30 percentmoveto7
40 ofthepeoplefrom4stayin4 theremaining607percentmovetoX

TheinitialpopulationofX Is10000Theinitialpopulationof4 is20000

AfteralongperiodoftimewhatIsthepopulationinCityX
IHluti tlistconstructastochasticmatrixPsothatRay Pnagivesthedistributionofpeopleat

monthKH

TotalPopulation 10000120000 30000

ni f ai ti 83 too of ftp.t.pro
p Coo3 8

Popeof Payof P of E
P I I8.3.88 too Io I8

O3N t06N 0 LetME1 n a 2

I Hi
Population y x30000 2,8 0 iPopulationofX 20000

TOPIC2 EigenvaluesandEigenvectors

Motivatingproblem considerthelineartransform

THE AR 9f
Canyoustateanonzerovector JER2thatsatisfiesthefollowingequation

A8 XF X ER
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EigenvaluesandEigenvectors

If AcRun andthereis aft ink and
Av Xv

thenPisaneigenvector 1nA andTEE isthecorrespondingeigenvalue

Notethat
wewmmyconsiderthecasewherettissguare
evenwhenanentuesotAandriavereal Xcanbecomplexcantationoftheranehasno
realeigenvalues
if XER then 770 AT'andripolutluthesamedwection

Tco Antandospuntinoppositedirections

DeterminingWhetheravectorkanEigenvector

whichofthetouowingvectobareeigenvectasolA ft
cant.fi chief cont cavity I

ANT X dATI XVI
Avi fix 31 27.1 2 Antif d 3 Hit
i v is aneigenvector4A i BgisnolanelgenvecturfA

b AVI AVI AT's XVI
Avi 4 19,1 21.4 2 Bydeflation laterovectoycanuolbeau

Thisanelgenvectorofa
eigenvector

E AP XVI
Are itH fo oi's.x o
i NTisanelgenvectorofA



DeterminingwhetheraNumberisanEigenvalue
Determinewhether7 3Is aneigenvalueofA 4If

AP XP 38
AT 38 TO AT SIP
CA3I T A SIneedstobesingular

A 3I P i43 III singularmatrix
i A 3isaneigenvalueofA

AnotherInterpretationofWhatEigenvaluesAre

Fromthepreviousexampleswesawnowaneigenvalueofamatrixis anumberX that
satisfiesAP 28foreigenvectorB
makesA X1singular

Recall asingularmatrixIsnotinvertible7

Exercise SupposeAisthematrixbelow

A f I
whichofthefollowingareeigenvectorsofmatrixAthatcorrespondtoeigenvaluea l

Cal Bydefinition zerovectorscannotbeeigenvectorsofA

l Afl e f 3 i X 3 l isaneigenvectorofA

4 AHI 4 a i 4 isaneigenvectorofA

Eigenspaces

DEFINITION Eigenspaces

supposeAERMTheeigenvectorsforagivenAspanasubspaceofRncalledthe
X eigenspaceofA

NotetheXeigenspaceformatrixAisNulCAX because

AV IT
AJ AITe I
CA AI T e E

If I wemusthavethatA XI issingularThuseigenvectusspanthenullspaceofA AI



EigenspacesinRi

constructabaskfortheelgenspacesfwthematrixwhoseeigenvaluesaregwen sketchthe
eigenvectusandeigenspaces

A 374 7 1,2

1 1 A 111 0 1 2 A 2118

p 18 437618
N isfreeMenz NzEshelN 2k

retrial hetih.fi
Nar A eigenspace

Basktuxeigenspaceis l
I Nin NI Basiseat eigenspaceis 93

I l 7N
O 2

b eigenspace

Eigenspacesin423

constructabaskfortheelgenspacesfwthematrixwhoseeigenvaluesaregwen

A 1 1.3

i ca aan 1199o Fei tie

xi sica.ae oi f8oYI8 n1h57am Tiff isiYAbaslsforXeigenspaceisff4 JiabassstwAa eigeuspaceis too f
egfpnpokh.istnema

mxbdfff.gg's

X 2isanelgenvalueotA



WhatisthedimensionoftheeigenspaceforX 2

2 I 3 I AIhasonlyonepivotsothereare2nonpivotcolumnsX 2 A12 I10 f pg Anonpivotalcommas dimensionofeigenspace 2

R andas aretree Basistu Xeigenspace

EI lit HimB
whatisthedimensionoftheElgarspaceTWXe l

I 3 0 A XIhas2partssothereisonenonpivotahemn
X 1 A1 I10 I 0 Oo nonpivotalcolumns dimensionofeigenspace I

I 2
Nz O
Ni Rs letNTs Dimensionofeigenspace 3

EigenvalueTheorems

Motivation supposeAisarealnxnmatrix
4HowcanwedeterminetheeigenvaluesofA
4IfAhassomespecialstructureegsingularstochastictuangular whatcanbesaidabouttheeigenvaluesofA

Theoremsthatdealwitheigenvaluesofamatrixcanhelpuscalculateeigenvalues

Thefollowingtheoremscanhelpusidentifyeigenvaluesoreigenvectorsofamatrix

Thediagonalelementsofa14angularmatrixareitseigenvalues

Aisnotinvertible 0 isaneigenvalueofA

stochasticmatriceshaveaneigenvalueequalto1

IfNT I NIareeigenvectorsthatcorrespondtodistincteigenvaluesthenNTNT Tea
arelinearlyindependent

ProofsofthesetheoremsarerelativelyshortTherearemanyothereigenvaluetheoremsthatwe
couldexplore



DeterminingEigenvaluesbyInspection

Byinspectiongivetwoeigenvaluesforeachofthefollowingmatrices

A If I f ifYE singular o isaneigenvalue a ao
stochastic A aYz

B BisTYangular X 2 X 5

Wanins
Wecannotdeterminetheeigenvaluesofamatrixfromitsreducedtour
rowreductionscanchangetheeigenvaluesofamatrix

supposeA I f Theeigenvaluesandcorrespondingeigenvectorsare
X 2 Ti f As O I Y

wecanverifythisi

Aiti l Ikil hi

Atif HI 18 ont
ButtheRREtHAis f f whoseeigenvaluesare1andO

Exercise
SupposevectorsoutandNJareeigenvectorsofA andif tB
Whichofthefollowingsituationsarepossible

X T andNPcorrespondtodifferenteigenvaluesandarelinearlydependent
Eigenvectorscorrespondingtodifferenteigenvaluesarealwaysindependent

NTandJjcorrespondtothesameeigenvalueandarelinearlydependent

If itis aneigenvectorofAfureigenvaluex thenKRisalsoaneigenvectorofA

VTandVicorrespondtothesameeigenvalueandarelikeanyindependent
Eigenvectors correspondingtothesameeigenvaluecanbeindependent



TOPIC3TheCharacteristicEquation

TheCharacteristicPolynomial

Recall X isaneigenvalueofA CAAH isnotinvertible
ThereforetocalculatetheeigenvaluesofAwecansolve

DetCAXI O

detCA AI isthecharacteristkpoynomicofA
detCA AI O isthecharacteristcequationofA

therootsofthecharacteristicpolynomialaretheeigenvaluesofA

ExamplecalculatingtheEigenvaluesofa 2 2Matrix

ThecharacteristicpolynomialofA Y4 is
Det A X Il a det 41 I

4 X l X 4
72 5X t4 4
AZ57 X X 5

so theeigenvaluesofAare A 0 5

Characteristic polynomialof2 2Matures

Thetraceofamatrixisthesumofitsdiagonalelements

Example
ExpressthecharacteristicequationofM acbd 0 detIM XI

a X d X be
intermsofItsdeterminantandtrace ad Acatd 72 be

X X atd 1CadbcXI XtraceMS tde1cm
UsingtheTracetoIdentifyEigenvalues

Althoughthecharacteristicpolynomialcanalwaysbeusedtodetermineeigenvaluessometimeswe
canidentifyeigenvaluesbyinspection

ExampleByinspectionwhataretheeigenvaluesofA
A G8 singular a o

traceM 6 9 15 72



NumericalNotes
Theeigenvaluesofanymatuxlargerthan2 2shouldbefoundusingacomputerunlessthe
Matrixhasaspecialstructure

softwareforcomputingeigenvaluestendtoavoidthecharacteristicpolynomial
Neverthelessthecharacteristicpolynomialisimportantfortheoreticalpurposes

Exercise
supposeAisthematrixbelow

characteristicpolynomialofAA I detCA AI
Thecharacteristicpolynomialhastheform4tbht c 2 X G X 4G

12 87 X I2
Whatisbequalto b traceCMJ 216 8 92 81 X tbox c
WhatIs cequalto CadietCM 216 4 3 0

AlgebraicMultiplicity

DEFINITION AlgebraicMultiplicity

Thealgebrakmuttipricityofaneigenvalueisitsmultiplicityasarootofthecharacteristic
polynomial

Example
Computethealgebraicmultiplicitiesoftheeigenvaluesforthematrix

X Algebraicmultiplicities

1 L
I 1

Characteristicpolynomial C X O X f l X O a
GeometricMultiplicity

DEFINITION GeometricMultiplicity

ThegeometucmultiphatyofaneigenvalueXisthedimensionofNuttCA AI

GeometricmultiplicityisalwaysatleastI Itcanbesmallerthanalgebraicmultiplicity
Hereisthebasicexample

gf
characteristicpolynomial O X O A

XeOistheonlyeigenvalue Itsalgebraicmultiplicityis2 butthegeometricmultiplicity
is i

Coo j g an Ena it'd



PropertiesofAlgebraicandGeometricMultiplicities

Supposethatforan hXhMathX A
a isthealgebraicmultiplicityofX
Ag isthegeometricmultiplicityofX
Thealgebraicandgeometricmultiplicitieshavethefollowingproperties
i e a e n
I Eg Eai

Example
Gweanexampleofa 4x4matrixwith7 0theonlyeigenvaluebutthegeometricmultiplicity
ofX 0 isone

Oof X 0 a 2 g I

1 0 a 4 g 1

ExampleAlgebraicMultiplicity
forwhatvaluesofkdoesthematrixhaveoneeigenvaluewithalgebraicmultiplicity2

I3 E
o detf 3A 6
i f3 A l GX 2K
0 X t9Xt18Uc

X 91J8I 4Ll 182K
2 l

X 9
2 IV81 819 K2

Toobtainrepeatedeigenvalues 818197 0 9 k It
K 918



Exercise
supposeAIsthematrixbelow

A l E
forwhatvalueofKdoesAhaveoneeigenvaluewithalgebraicmultiplicity2andgeometric
multiplicity1

o c X 3 X k
Xt 47 13 K

X 4 IV l6 4 3KJ
i 2 4 3 K

X 2 I JHIT
Toobtainrepeatedeigenvalues TE O k I

ThelongtermBehaviorofMarkovchains

RecallthatweoftenwanttoknowwhathappenstoaMarkovdrain

Ktl PIk k O l 2

ask es

If Pis aregularstochasticmatrixtherewillbeauniquesteadystate

Nowwecanexplorethefollowingquestions
ifwedonotknowwhetherPisregularwhatelsemightwedotodescribethelongterm
behaviorofthesystem
whatcaneigenvaluestellusaboutthebehaviorofthesesystems

ExampleEigenvaluesandMarkovchains

considertheMarkovchain

I'K PRI f8f Iki k o l 2,3 I 9
Thissystemcanberepresentedschematicallywithtwonodes AandB

1 G A v B90.9
Goaluseeigenvaluestodescribethelongtermbehaviorofoursystem

UsetheeigenvaluesandeigenvectorsofPtodeterminewhatRictendstoask asThe
eigenvaluesandeigenvectorsofpare

X I I b i X 0.9Pia f
No cat get
n e pno PCcJ city CPVTtCupit

CXni tGA I



R PR P c7 I fGATE
c Ahi taxi I

Nk Pq c XKris caff
X I T 0.9 soas K D Nc CB

whatisG
no I'd at avi a tall o f lo

C O C I
My Nl

AMoreGeneralExample
Theeigenvaluesofa 3 3StochasticmatrixAare

X l X X 1g
Therespectiveeigenvectorscorrespondingtotheseeigenvaluesare7NiandNJ

Itp isaprobabilityvectorin1123 whatdoesAkptendtoask as
A45a AKT t avi tGPs

CAkit caAKI 1cAkPs
Ap c XKUTt c XENTt c XKPs

since424andX 4 c XYui Oandc if 0
Also A i c XKUT cVT as k a

i AE CNT ask o

Exercise
supposeNT I ameigenvectorsofa 3 3matrixAthatcomespondtoeigenvaluesa Xu

NT f iii Ef A I Xu to
vectorp issuchthatE Ni BR
supposethatas k A wehavethatAkpSfWhere

I
whatisaequalto

Apa A P 13Th IXVT DXVT eVT o T
Ape AINT Evil if IviAP AINT I O

w Il UT Esv
s

AKp FoxVI
Ask A Akp NT to UT i a 3



SimilarMatrices

Motivationi supposeAis an nXnmatrix
insomeapplicationsweneedtocomputeA forlargek
computingAkdirectlycouldrequiremanycomputationsespeciallyifnislarge
andmanyoftheelementsinAarenonzero
usingtheconceptofsunUavmatriceswecanobtainamoreefficientapproach

DEFINITION SimilarMatrices

b nXnmatricesAandBaresimilarIfthereisaPsothatA PBP
Example ifP f f f andB f9 thenP f1 and

PBP d fo9olH A
ByconstructionAissimilartoB

Theorem Similarmatricesandthecharacteristicpolynomial
If AandBaresimilarthentheyhavethesamecharacteristicpolynomial

ProofiThecharacteristicpolynomialofAisdefCA XI andIfA PBp1 then
A XI PBPl XI

pBpl Xppi
PBXpp1

A X I plB X p l
DetCA AI DetPCBAlPY

detUgdet63A detlpy
det detUs1 detCBX

detCATH Det B X detLpldetCpt I

ThecharacteristicpolynomialsofAandBarethesame C

Note
Iftwomatriceshavethesamecharacteristicpolynomialthentheyhavethesame
eigenvalues
theconverseisnotalwaystruetwomatricescanhavethesameeigenvaluesbutnotbesimilar

Consider

A 8 f B Oo8 a o o

canAbesimilar IfAandBaresimilarthenA PBMbut
PBpi p 88Pl 88 A



TrueorFalse
If AissimilartotheidentitymatrixthenA I

APIpt e pp t I true

If AissimilartoBandA PBP thenA2aPBP1

A2 PBPy PBP PBpl
PBBPl pBzpl me

IfAandBhavethesameeigenvaluesthenAandBaresimilarFate
If AissimilartoB thenwecanfindaninvertiblematrixPsothatAk pBkPt

If thematricesaresimilarthenbydefinitionofsimilarmatriceswecanfindan
inverladePsothat

A PBP1
Notealsothat

A GBp1 PBPy pB2pI

Weusedthatp p I Likewise

As PBPl PBP1 PBpD PB3pl
Ingeneral

Ake pBkp1

Notethatoneofthereasonsweintroducesimilarmatricesissothatwecanhavean
efficientwayofcomputingAk


