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TOPIC1 IntroductiontoDeterminants

ADefinitionoftheDeterminant

supposeAis n x nandhaselementsagDmeanslx lmatrix
1 If n I A on andhasdeterminantdetA a
2 Inductivecase ta n 1

defA a detAi a zde1An t t ththandetAm
whereAij isthematrixobtainedbyeliminatingnowiandcolumngofA

examine

I my
ExampleTheDeterminantof a 2 2Matrix

computedetA whereA calf detA AA bAu
de1A ad be

ExampleTheDeterminantof a 3 3Matrix

computedeif I I I detf IIF 3 42 I estf f to f I
3 4O EDC21 151210C11107 to
3 z t 5 O
6

ExcusesupposeAisthematrixbelow

f E
ForwhatvalueofKKdetA O

det A O 0 o K 4fo k t318 O O
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Cofactors

cofactorsgiveus amoreconvenientnotationfordeterminants

DEFINITION Cofactors

TheLij cofactorofan nxnmatrixAis

Gj C1HTdetAj
Anotherwaytocomputedeterminants

Theorem

ThedeterminantofamatrixAcanbecomputeddownanyrowacolumnoftheMatrixForInstance
downthe jthcolumnthedeterminantis

defA ayCj tayCqt 1anyCnj

Example cofactorExpansion

computethedeterminantofA I
SouthM

detCA 5C Ocu Ocs OG
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DeterminantofTriangularMatrices

Theorem If Ais atriangularmatrixthendetA a amass ann

why Thedeterminantofthe2 2triangularmatrixaoE istheproductoftheentries
onthemaindiagonal

f7 ac Ob ac



Likewise a 3 3triangularMatrixhastheform

Eff
Usingacofactorexpansiondownthefirstcolumn

detA aAG tOCu t OG aG
aCD ldof
adf

likewisewithlargertriangularmatricesthedeterminantwillbetheproductoftheentries
onthemaindiagonal

Examplecomputethedeterminantofthesix5MatrixEmptyentriesarezero

A Iggy

Southon
Thematrixistriangular sode1A Inf 25
ComputationalEfficiency

Ingeneral thecomputationofacofactorexpansionforanNXNmatrixrequiresroughly
N multiplications

A 10X10matrixrequiresroughly10 36millionmultiplications
1A20X20matrixrequiresroughly20 I 2 4 100Multiplications

cofactorexpansionsmaynotbepracticalbutdeterminantsarestilluseful
Wewillexploreothermethodsforcomputingdeterminantsthataremoreefficient
Determinantsareveryusefulinmultivariablecalculusforsolvingcertainintegrationproblems

Exercise SupposeAisthetriangularmatrixbelow

a l 1
whatisthedeterminantofAequalto

detCA 2X3X4X5 120



Exercise
SupposeX isa 2 2matrixwhosedeterminantisequalto100supposealsothat8isthe
zerovectorwith2entriesandAistheblockmatrixbelow

a I E
CalculatethevalueofDetA Hintuseacofactorexpansion

LetX 9d A I
DetA 2f't13Acdb Of1 23Ocdo ofg313OOa b
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GWendettx 9 100

detCA 2X100
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TOPIC2propertiesoftheDeterminant Aproblemisn'tjustfinishedjustbecauseyou've
foundtherightanswer YokoOgawa

Understanding RelationshipsBetweenIdeas

wehaveamethodforcomputingdeterminants butwithoutsomeofthestrategiesweexplorein
thissectionthealgorithmcanbeveryinefficient

Howcanwecomputedeterminantsmoreefficiently

wesawhowdeterminantsaredifficultasimpossibletocomputewithacofactorexpansion
forlargeN
nowoperationsgiveus amoreefficientwaytocomputedeterminants

RowOperations

Theorem RowOperationsandtheDeterminant

6 AbeasquarematrixIfamultipleofarowofAisaddedtoanotherrowtoproduceBthenDetBdetA
If tworowsareinterchangedtoproduceBthendet B detA

ItonerowofAismultipliedbyascalarKtoproduceBthenDetB kDetA



Examplesfortheorem

A Ibd FAI ad bc

A Ibd AtH R
caka

dybas B

IBl afdtkb b ctka
ad1Katsbe Kalt

1Bl Ad hc detCB detCA

A eabd R I9 c

14 cb ad ladbe detCC detCA

A gf KM R KcaKab D

fDI kad Kbe Kad bc defD kdelCA

UsingRowOperationstocomputea 3 3Determinant

computedetA If fog

ft HEHIM EEl r r f I is

defA detB
lX3XCsIl 15

InvertibleHy
Importantpracticalimplication ifAisreducedtoechelonformbyr interchangesofrowsand
columnsthen

At f1
r x productofpivots WhereAisinvertible

WhereAIssingular

propertiesoftheDeterminant

ForanysquarematricesAandB wecanshowthefollowing

de1A detAT A A I
Aisinvertibletfde1A40 detIAA Det I I
DetAB detAXdetB detAIdetA I detA A
if AisinvertiblethenDetCAY ITA



Example DeterminantsandInverlibility

UseadeterminanttofindallvaluesofXsuchthatmatrixCisnotinvertible

c XIs

e I Hi is it
I 5 X X l O to
5XXX l

5Cisnotinvertible It 14 O 7 X D O
5 7 X11 X I O X I l wsiCisnotinvertibleif X 5or I1

ExampleDeterminantsandMatrixPowers

DeterminethevalueofdetAwhere
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deta I 41
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ExercisesupposeAIsthematrixbelow

A f I
supposealsothatdetA 5 DeterminethevalueofDetB

H I L
At her bae A fineIs B at A s

ExercisesupposeCIsthematrixbelow
NctecolumnsofCarelinearlyindependent

c f g off You andhasnoinverse

Withoutanycomputationstatethevalueofthedeterminantc



Exercise BandC arenxnmatriceswithDetB 3anddetG 5
WhatisthevalueofDetBTC

DetBTC detBTxDetCXdetC
detB xdetG
3 5 2 75

TOPIC3iDeterminantsandtheAreaofaParallelogram

AreaandDeterminants

7 Constructingamatrixwhosecolumnsare8andEh
yields

Ccd a c d A ta Ti god
Aa IdetAl ladI areaofparallelogram

Alsonotethatchangingthevalueofc andkeepingsnO la01 everythingelseconstantdoesnotchangetheareaof
theparallelogram

MoreGeneralParallelograms

WhatifonesideIsnotrestingona coordinateaxesCanwestillusethedeterminantto
giveustheareaofour parallelogram

Supposewetaketheparallelogramusedinthepreviousexamplebutrotateitabouttheorigin
by0radianscounterclockwiseTherotationwillnotchangetheareaoftheregion

Y willIdetAl IdetCoi at1Istillgiveustheareaofour
parallelogram

Ifonesideisnotrestingon acoordinateaxesWM7 absolutevalueofthedeterminantstillgiveusthearea
ofourparallelogramKato
Rotatingthepointsthatdefineourparallelogramby
angle0abouttheoriginwillnotchangetheareaof
ourparallelogram

WecanmodelarotationofthepuntsthatdefineourparallelogrambymultiplyingAwith
arotationmatrix

Isthedeterminantofthis
A Ff Iff A Ymf jfYf off newmatrixalsoequaltoad



Thedeterminantofaproductofmatricesistheproductofthedeterminants

detA detffiff Eff detffed Ilads ad

Theorem Theabsolutevalueofthedeterminantofa 2 2Matrixwhosecolumnsdetermine
adjacentedgesofaparallelogramwillgivetheareaoftheparallelogram

Example Areaofa parallelogram

computetheareaoftheparallelogramdeterminedby8 A Tand I 18where

a II T f
solution
Theabsolutevalueofthedeterminantofamatrixwhosecolumnsareoutand8yields

Y
nArea Ide1At

deifI 7 I n

I I 61 7 n g
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Exercisei
suppose itand I arethevectorsbelow

A s I

SupposeS istheparallelogramthatisdeterminedbythevectors8 rt rtandrt 8

a If K 3 whatIstheareaofS b If K 4whatistheareaofS

Area Idelf's3 area Idelf'sf I
I3 61 3 1461 2

4 If K 5whatistheareaofS 41If K 6whatistheareaofS

Area Idelf'sE Area Idelf'sf I
I561 I I661 o



AreaandDeterminants

Recallthatink'sdeterminantscangweustuarea aparallelogram

fad
latabtd

Areaofparallelogram
adtbc detffdb sad be

a b
o

KeyGeometricFactlwhkhurrksinanydimension
Theareaoftheparallelogramspannedby2vectus.a.bisegudtotheareaspanuedbya.catB foranyscalarc

Az1L
as Areaofparallelogram basexheight

a 1cal 9
IAI 1851b
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ExampleAreaofaparallelogram

calculatetheareaoftheparallelogramdeterminedbythepomtsC2,2 10,3 14 71,1614
Shown1nA
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a Note b
Translatingareglarink
doesnotchangeitsarea Area IdeHGE I
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DeterminantsofnxnMatrices

TheoremThevolumeoftheparallelpipedspannedbythecolumnsofau nxnmatrixAIs
1detAl

Example Volumeofaparallelpiped

Any3 3MatrixAcanbetransformedintoadiagonalmatrixusingcowoperationsthatdonot
changeIdetthtl

As As

a

spoon

a

spam
U

spawnspawn on
on on an

O 9 O 9

Examplevolumeofaparallelpiped
computethevolumeoftheparallelpipedthathasonevertexattheMgmandadjacentverticesat
12OO I 3 O andCO I 4

12 3 41 24

Exercise
ConsiderpointsPfI i21 Q133 R 2 4andS4 5 Thefourpuntstogethercanbeconnected
tocreateparallelograms

WhatistheareaofS
Ru47

xS4.5

AreaofS
dc33K'sI kill Ikill Pls2

I 4 Il 3



DeterminantsandLinearTransformations

Theorem

If TA IR Rn andSissomeparallelograminRnthen

volumeTns detailxvolumes

whereTawil Ari

AnypointinScanberepresentedas aB tW OEC EEl
E
g

wetransformSusingTa
Ti Tae I t EI AKB EB

cAB anti
Abi Abi A B bi AB

IdetABI IdtAlIdtBl
ExampleDeterminantsandLinearTransformations

Ristheparallelogramdeterminedbypi f andpi f IfA f T whatisthearea
oftheimageofRunderthemapof AR

AlEi El Api Api
is

P
R
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detCAE ApiIe Ide1Axdetcp.pl
1detAHdetcpT pill s
l l t ll l3 81
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Example

Ta AriwhereAC1122
2 isalineartransformationthatflatreflectsvectorsin1122throughthe

linen m thenprojectsthemontothelinen 0 CalculatethevalueofthedeterminantofA

A 8 19
detA detOoY xdet ff

Of1 O

Exercise
TaE ArtwhereAC11222 Isa lineartransformthatrotatesvectorsinR2clockwisebya
radiansabouttheoriginthenprojectsthemontothen axisWhatisthevalueofdetCA

A fo811.9m salons If 8to91 dekatdetfogxdetti.tl
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