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TOPIC1 Matrixoperations

DEFINITION ZeroMatrix

A zewmat Isanymatrixwhoseeveryentryiszero

023 8881 Ozx 8
DEFINITION IdentityMatrix

Thenxn identitymatihasonesonthemaindiagonalotherwiseallzeros

Is to9 Is I I f
Noteanymatrixwithdimensions nXn IssquaR Zeromatricesneednotbesquareidentity

matricesmustbesquare

MatrixAddHimandscalarMultiples

supposeAandBareMXn matrices ai j istheentryofAinrowiandommu j and
bij istheentryofB inWwiandcolumnj
TheentriesofA113are a j t bigIf cEIR thentheentriesofCAare cag
Forexample it

gazg offofit fE E
Whatarethevaluesof c andK

I17C 15 7c I4 ca2
640k 16 G t 2K I6 2K 10 K 5

PropertiesofsumsandscalarMultiples
scalarmultiplesandmatrixadditionhavetheexpectedproperties

If r S EIRarescalarsandA BandCareMXhmatricesthen
I A 1Omxn A 4 rts A RAtsA
2 AtB tC A Btc 5 rSA rs A
3 r AtB rA trB



DEFINITION MatrixMultiplication

LetAbea MXnmatrixandBbea nxpmatrixTheproductABis a mxpmatrix
equalto

AB AfB Bp AB AEp

Example computethefollowingproduct

c AB f 9f 98
Hi9k i 91181 1791181

Y's
RowcolumnRuleforMatrixMuttMccation

TheRowColumnRuleis a convenientwaytocalculatetheproductABthatmanystudents
haveencountered inprerequisitecourses

DEFINITION RowColumnMethod

If ACIRMn hasrowsof andBEIRnXPhascomMnsBj eachelementoftheproduct
C ABisthedotproductcg af Bj
Example ComputethefollowingusingtherowourMnmethod

c AB 9I E f
4 7I 4 4 43 401tous

40 8
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MatrixDimensionsandMatrixMultiplication

Note thedimensionsofAandBdeterminewhetherABisdefinedandwhatItsdimensions
willbe

A B
xD megustube xD

s

dimensionsofproduct



PropertiesofMatrixMultiplication

Leta B CbeMatvkesofthedzesneededforthematrixmultiplicationtobedefinedand
Aisa MxnMatrix

Warnings
1 Associative ABC ACBC 1 noncommutativeIngeneralABEBA
2 leftDistributive A Btc ABTAC 2 noncancellationABAcdoesnotmeanB L
3 RightDistributive B C ACTBC 3CzerodulsorDAB doesnotmeanthat
4IdentityforMatrixMultiplication 1mA_AIn eitherA WB 0

Example suppose A foo

1 Giveanexampleofa 2 2MatrixthatdoesnotcommuteWHHA
ex B ft AB468 of fff B

BA If to ffgy A
ABEBA

TheAssociativeproperty

Ifc I thentheassociativepropertyIs ABR AfBnSchematically

multiplication
TheMatrixproductABIcanbe

byAB
obtainedbyether

y 3 ABE bmutlpnylngbymaHXAB.cn

multiplication
multiplyingbyBthenbyA

byB Thismeansthatmatuxmutplication
plication www.pondstowmposltlonoftheltuear

BR byA transform

TransposeGAMATUX

ATisthematrixwhosecolumnsarethevowsofA

Example 102,30425 1
PropertiesofMatrixTranspose CATT A CRAY RAT

ATB 1 AT1BT ABY BTAT



MatrixPowers

Fora xnmatrixandpositiveintegerKAkistheproductofkcopiesofA

Ak AA A
KHurls

Example Compute E
c toil e a to Deff91

examine Gwen

f g B flog8 c f E
Whichoftheseoperationsaredefinedandwhatarethedimensionsofthe
result

A t3C undefined Ais 2 2 30 is 3 3

AABY ABIs 2 3 ABT 3 2
A is 2 2 i Undefined

A tABCBT ABis 2 3
ABCis 2 3
ABCBTIs 2 2 A is 2 2 A ABCBTIs 2 2 Defined

TOPIC 2 InverseofaMatrix

Definition MatrixInverse

1 A E 112mmisInvertibleLornonsingodar ifthereis a CEIR sothat

AC CA In

Ifthereiswewritec Al

AmatrixthatIsnotinvertibleissingular

TheoremTheInverseofa 2 2Matrix

The 2 2matrix Edb isnonsingular if adbeto and

Ebd adixdo ab



ExampleHatetheinverseofthematrixf I
A I A afryxp I 3

its I I E
Example solvingaLinearsystem

Use amatrixinversetosolvethelinearsystem

3N t4N 7
th t6N 7

Canwriteas i Are P A EI I th I I
A AE A E
I I A B
I A B
Hittf F I
t 42 2835121
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If IH

solution Bef7 N 7 u 7

TheInverseofanxnMatrix

AnAlgorithmforcomputingA i

supposeACRn WecanusethefollowingalgorithmtocomputeA

I RowreducetheaugmentedMatrixAlin to RRET
s If reductionhasform In Btheh AisInvertibleandBAt Otherwise itisnot
invertible



Example ComputetheinverseofA

TocomputeA HII

ask 8,1

h 74 III Eta
i At II

WhydoesthisalgorithmproduceA

supposeAisa 3 3matrixandA1 18 E NJ TheAntoninaofA is
F Atef Recall E to AE intonton

Thisimplies AR AAe
AntiET N LAI Art et

Thus ifwenowreducetoKEEFweobtainthefirstcolumnoftheinverse I
eachcolumnofA isfoundbyreducingArtEi

Thinkofthealgorithmassimultaneouslysolvingnlinearsystems

Antet
AI et AIete5 Sen

Attn In AH
EachcolumnofA is AEi nT
AnotherperspectiveonconstructingA useselementarymatrices

PropertiesoftheMatrixInverse

AandBareinvertiblenxnmawas.IE
FITsYf9TI
oAB BAAB

AC a A B IB BB
AB B A noncommutative I
AT z CA J AB I B A



TrueorfalseABC e C B Al

LetX AB ABC XC I
c X l C AB I
C B AY E B At QED iTrue

ElementaryMatrices

Auelementarymatrix E isonethatdiffersbyInbyonerowoperation
Recallourelementarynowoperations swaprows

multiplyarowbyanonzeroscalar
addamultipleofonerowtoanother

Wecanrepresenteachoperationbyamatrixmultiplicationwithanelementaoymat
Notethati everyEIsinvertible

every e issquare

Example suppose Eff ft
ByInspectionWhatisE Howdoesitcompareto Is

E mustbe 3 3 Sto µ Y
appliedR 2R Rz

Eef F i cancheckbymultiplying
NOTE differsfromIsbyonerowoperation Rr12k RD

ReturningtounderstandingwhythealgorithmworksWeapplyasequenceofnewoperationsto
A toobtainIn

exists

A l Ek r E EzG A In

ThusEk E E E istheinversematrixweseek

ouralgorithmforcalculatingtheinverseofamatrixistheresultofthethrowingtheorem

Theorem MatrixAIsinvertible if itisnowequivalenttotheidentity Inthiscasetheany
sequenceofelementary on operationsthattransformsAintoI appliedto7
generatesAt



UsingTheInversetosolvea Linearsystem Justbecausewecandosomething

wecoulduseA tosolve alinearsystem Age p
AAttainYaydoesnotmeanthat

wewouldcalculateA andthen p Aib
Weshould

A isseldomusedcomputingitcantakeaverylongtimeandispronetonumerical
error
whylearnhowtocomputeAthen elementarymatricesandpropertiesofAtobe

usedtoderivedresults


