











































































































M0DULE3iLINEARTRANSFoRMs LinearAlgebra1 LareauEquations

TOPIC1 AnIntroductiontoUneauTransforms

LetAbeaMX hmatrixWedefinethefunction

TiRn RM T aAn

Thisiscalledamatrixtransformation

dematuofT is R vectorTR istheimageof1underT

codomainof TisRm thesetofallpossibleimagesTLE istherange

Examplei letA in 34 Tin AE

WhatIsthedomainandcodomainofT

bComputetheimageofitunderT

EWhatIstherangeofT

FerARtobedefined RER2 DomaineR2
AlsoARE1123 i Codomain 1123

T
Y o il IIIIIYII

T Are a ff t naf rangeisspan f
ThefunctionTiIR Rm TE ARgivesanotherinterpretationofAE D
5waysofrepresenting AR D setoftheairequations

augmentedmatrix
matrixequation
vectorequation
lineartransformationequation














































































































Example ConsideragainthematrixA Y andassociatedtransformthe Are

a CalculateP ER2so that T8 B Ff

bGive a ECRssothatthereisno8withT8 E
or Give a EthatIsnotintherangeofT
or Givea 8thatIsnotinthespanofthecolumnsofA

If thisIspossiblethen T AR T's

Io IEl'ohEa too El e est

da at e I take ft Ksif't 3EEE'E'Yutrangeon
Exercise ConsiderthelineartransformThis

The Are A ff f f
WhatisthedomainofTft 1123

bWhatisthecodomainofTHE 1122

WhatIstherangeofTHEl TB k fo thaE tNs b
Rangei n axis

GeometricInterpretationsofLinearTransforms
FactEverymath

AfunctionT Rn Rmis linear if transformation7Ais
linear

Ttu tu Tfit1 t T J forall8 E inkn gfollowsfromT CT ctfu for allofCRn and c EIR propertiesofAP

So if T islinearthen

T c I tCEEt CETI c TCTI STER t GIG
ThisIscalledtheprincipleofsuperposition














































































































GeometricInterpretationsofTransformsin1122

Example
SupposeT isthelineartransformation 1 El AEGiveashortgeometricinterpretation
ofwhatTHEdoestovectorsin1122

A 9f t A fo8 3 A KoE forKER
Nz

1 Let I G T L AI fba m Nz

pf f Pal cabi

TE is areflectionthroughtheNhl n ena
N
h

2 letReG THE Ari
Cab

o81181 18
caO on

TCR is aprojectionontothex axis

3 letR lb TH ITE keg 1481

TCRisanenlargementbyscalefactorofK

GeometricInterpretationsofTransforms in1123

ExampleWhatdoesTadotovectors in 1123

Afg E ut I Toei are FI Elf I 9
TINYis aprojectionontothedim plane

aff.IE utn fE an7an fIIYllE fE
THE Is areflectionthroughthenineplane














































































































ConstructingtheMatrixoftheTransformation

Example AlineartransformationToR2 IRSsatisfies

11lbD E 4191141
whatisthematrixA sothatT AR

MaMXA is a 3 2MatuCx let A at E
ThenAl6 Iat oat at afE

A191 oat iai ayy
AYE

Exercise ThelineartransformTHE AEreflectsvectorsacrossthen axis
WhatISmatrixA

Lettherebe 2vectorsE b andE's I9 suchthat
1ceil Afo e lo

and TEz A9 f
MatrixA is a 2 2matrix LetA at E

T le I Afo of f
Tled Al9 ai J

A tf

TOPIC2 4hearTransforms

standardvectors

DEFINITION TheStandardVectors

ThestandardvectorsinMnarethevectors I E In where

et E en

Forexample inRs E too Ez Yo E5f














































































































ApropertyofthestandardVectors

Note If A is a Mxn matrixwithcolumnsNTVI UIthen
AET NT for I I 2 h

So multiplyingamatrixbyETgivescolumnl ofA

examine

pEE e f Ill
o of fit

Theorem ThestandardMatrix

letTilRn RMbe alineartransformationThenthereisauniquematrixAsuchthat

The AE IERn
Infact Ais a Mxnmatrixand itsjthcolumn IsthevectorTfEj

A TIE TIE TCB Tien

TheMatrixAisthestandardmatrix for alineartransformation

StandardMatrixfora counterclockwiseRotation

whatisthelineartransformTik R2definedby
TLE I rotatedcounterclockwisebyangle0about o.o

The AI FindA
matrixAis 2 2 A CF AI Find andAT

iT and
cosO a

AE Iai t 00h at since bi'i
µ

TOH
TIM187 6928 eat x

AEI 08 t ta Is R2

TIE E Foto op cos0 b
since a caffeinei A Giono 898 a since Ei

N














































































































https xkcd.com1184
StandardMatrixfor a ClockwiseTransformation

LineartransformT1122 R'definedby
Mr

THE I rotatedclockwisebyangle0about O o ei
LO SK

TR AR A is 2 2 A at E
Aei iai toai AT 1ET fogo 71

Ns
AE's Oattidied Tf faff8 a

i A Losing salon8
ez Teen

Example constructingastandardMatrix

Definealineartransformationby
TIN Nz 3M tna 5k 17Nz N 13N

1STonetoone Is Tonto

T AI andTfef 1stcolumnofA

1EP Tfl O 341 to 5471710 I 13O

TE3 T O l KO t l 510 t 74 O134

THE AI A Iz

Exercise SupposeTHE ARIsthelineartransformthatsatisfiesthefollowing

Heil f TIED434 etcHE EElR2
Constructthestandardmatrixforthistransform A

Neil A f
Tle's A

AH947431 A p














































































































Exercise supposeTisthellulartransformbelow

TIN Nz Ns N1Nz NzNzNz Nl

ConstructthestandardmatrixofthetransformA

TCG Tcl0,07 1 0,0 0,0 1 I
T a TCO 1,0 O l l O O O Yo

test.to co y

t
iaft f

HowmanypivotcolumnsdoesAhave

A ft I f Rath1123,1 I 9 Rst't71231 I
Ahas2photaramus

StandardMatricesofLinearTransforms
s
reflections

standardMatricesinK2 contractions expansions
projections

Reflectionthroughx axis Reflectionthroughz axis
Nz as

standardmatrix pea standardmatrix
e

L
e
a stoolre said

em
ReflectionthroughNz N

Nz
ReflectionthroughNEN ne n n

Y n _n Standardmatrix

standardmatrix II7N
e ti'd u7N














































































































Horizontalcontraction HorizontalExpansion
Nz Nz

Standardmatrix

ii a 199.79
N 7N

Verticalcontraction VerticalExpansion
Nz Nz

Standardmatrix

eiii IIO.FI
N

Projectionontothen AXIS protectionontothen axles
Nz Nz

standardmatrix standardmatrix

to L 48
N 7N

Example CompositeTransform

ConstrictormatrixAC1122 2 suchthatTHE AI whereTisalineartransformationthat
rotatesvectors in1122counterclockwiseby42radiansabouttheoriginthenreflectsthem
throughtheHulk_Nz

Ats 2 2 A TCG LTE'd

Transformation 1 4 counterclockwiserotationby042rad
Transformation2 6 reflectionthroughthelinen_Nz

Tice T.FI Y
TITE 1191 1

1191 114157 f

T 1,19 ft
Ht t.gg

JTlei7
i.fce.y.y.qJ

A f H














































































































ExerciseThelineartransformTHE Artmapsvectorsin1122tovectorsinR2Geometrically
TCEIHistreflectsvectorsacrossthelineN Nandthenrotatesthemclockwiseby
42radians

HudA

A is 2X2 A TET TEl
Transformation1 T Reflecton acrosslinex N
Transformation2 I ClockwiserotationbyEzrad

T Ei T d Y
TaITletD Tdoy f

Tet It I f

T Ei Taf9 a fo l
kTHEM Tcy µ

Hey Ep µ

A b

oh10andOnetoOne

DEFINITION onto µ
InotherwordsAEDisalwaysconsistent

AlinealtransformationTiRn kmisontoitforall 5ERMthereIsa nER sothat
1 I AR b

Implications ontois an existencepropeity foranyBElRM AI Bhasasolution
Tisontoitandonly ifitsstandardmatrixhasapivotineveryrow

example If A bb thenTE ARisnotonto
ex I Y isnotinrangeofTINY

DEFINITION oneto one p In
otherwordsAri Dhasatmostmesolution

AlineartransformationT IRM Rmisonetoone Ifforall8ERMthereisatmost
onepossiblyno I GRnsothatTHE ARab

Implications onetooneis auniquenessproperty itdoesnotassertexistenceforall53
T isonetooneifandonlyiftheonlysolutiontoTHE TOisthezerorector
I OF
Tisonetoone ifeverycolumnofAispivotal

ex ifA dY THE AI isnotonetoone

ox if I f si f nCil














































































































ExampleMatrixcompletion onetooneandout

Completethematricesbyenteringnumbersintothemissingentriessothatthepropertiesare
satisfied If ItIsn'tpossibletodosostatewhy
A A is a 2 3Matrixforaonetoonetransform

A f 0 notpossible
needeverycolumntobepivotal

b Bis a 3 3standardmatrixforatransformthatIsonetooneandonto

HE 41 oil
TheoremOntoTransforms

ForalineartransformationT 1Rn IRMwithstandardmatrixA thesearetheequivalent
statements

T isonto ex TeAIwhere

Ahascolumnsthatspan1km A foY8
EveryrowofAispivotal A

TheoremonetooneTransforms

foralineartransformation 1 Rn RmwithstandardmatrixAtheseareequivalent
statements

T isonetoone G A I
TheuniquesolutiontoTHE Isthetrivialone

Ahaslinearlyindependentcolumns 4
EachcolumnofA ispivotal






























































































Example ConstructingastandardMatrixOnetooneandonto

Definealineartransformationby

T N Nz 3N1Nz 5N17Nz N t3k

constructthestandardmatrixforthetransformation Is Tonetoone IsTonto

Te AI Ais 3 2 A TCEI TIED
1ET Tll O e 3 5 1 e

1Ceil TcoD i a 3
If nbevofcowsaremorethan
numberofcolumnsTcannotbepivotal

ForTtobeonetoonecolumnsneedtobe
linearlyindependentandbyInspectionthecolumnsarenotmultiplesofeachother
Tisonetoone

ExampleUnearTransformReview

SupposeAis aMxnstandardmatrixfortransformTandtherearesomevectorsBE42M
thatarenotintherangeofTHE AR

Are Dcouldbeinconsistent Tcouldbeoneto one

1me ex T AI A I f Tme exA I
TherecannotbeapivotineverycolumnofA

False A f
Exercise Indicatewhetherthefollowingsituationsarepossible orimpossible

Tis aonetoonelineartransformthatmapsvectorsin1125toRt
Impossible If TIsalineartransformthatmapsvectors425to1124thenthestandard
matrixhasfiverowsandfourcolumnsSotherecannotbeapivotIneverycolumnThe
transformcannotbeonetoone

Tisanontolineartransformthatmapsvectorsin11226to11220

Possible IfTisalineartransformthatmapsvectors11226to1kWthenthestandardmatrix
has20rowsand26columnsSotherecouldbeapivotineveryrow.Thetransformcouldbe
on10



T is anontolineartransformthatmapsvectorsin1126to1122ThelinearsystemAEB
Isinconsistentwhere I C1126 BER2

Impossible If TisanontolineartransformthatmapsvectorsInKbto1122thenAIeB
isalwaysconsistent


