
 

MODULEliLINEARSYSTmsfspANSTl.tlhearAlgebra1 LareauEquations
TOPIC1 systemsofLinearEquations
Alinearequationhasthe fam a N ta2N t tanNu bwhere

a a au andb are thecoefficients
n Nz Nn are thevariables ortheunknowns
n isthedimension or variables

Example 2N t 4N 4 is a line in 2 dimensions
3N 12Nr t Ns 6 is a line In 3dimensions

whenwehave Idareanequation wehavea threatsystemofequationsFor
example a linearsystemwith2equations is

R t l 5Rz 1 aNz 4
5N 17Nz 5

DEFINITION AsolutionofaLinearsystem
Thesetofallpossiblevaluesn n nuthatsatisfyallequationsisthe
solutionset ofthesystemOnepointinthesolutionsetIs a solution

Twovariablecase

CASE1inonparallellures CASE2 identicallines CASE3 parallellines
y y yL L L

N N N

Threevariablecase

Anequationa n t auls tasks bdefinesaplanein1123Thesolutionto asystem
of3equations isthesetofpointswhereallplanesintersect

planesintersectat apoint Manesintersectonaline parallellines
uniquesolution infinite soukous nosolution



Howcanwefindthesolutionsetto asetoflinearequations
manipulateequations in a linearsystemusingnewoperations

ReplacementAddition Addamultipleofonerowtoanother

Interchange Interchange2 rows

ScalingMultiplyavowbyanonzeroscalar

Example

R N 27k Nz O
R2 2K 8N3 8
123 5N 5kg 10

R 1122 R i n 10ns 7ns D

Kc Rz Nz 4N3 4 20
Rz 5k Rz 10N 10ns 10

toRz7123 Nz Nz

RzRz7123 3N 3 M 1

SubstituteNz 1 into N 1On 7C17 8
at't 8 ill

Substitute Hs 1into Hz 4G 4
Nz14 4 Na O

iSolutionispolutfi o 1

It Isredundant10WHEN NzNzagainandagainsowerewritesystemsusing
matricesforexample

N 2K 1Nz O
2ns 8ns 7 canbewrittenasthe b 18 Og

augmentedmati

Theverticallineremindsthatthefirstthreecolumnsarethecoefficientstoourvariables
N NzandNz



DEFINITION Consistent
AlinearsystemIsconsistent if ithasatleastonesolution

DEFINITION ROWEquivalence
Twomatricesarenowequivalentif asequenceofnewoperationstransformsarematrix
intotheother

NOTE Iftheaugmentedmatricesof2linearsystemsarenowequivalentthentheyhave
thesamesoultonset

Exampleforconsistentsystems RowEquivalence

suppose

A to fl B fo 9 c Io o E e l I
AreAandBnewequivalent AreA Crowequivalent

A d h RIM f9 B
i AandBarenewequivalent
AandCarenotnewequivalent

Aretheaugmentedmatrices AIB andCtb consistent

LAI57 f 1 i R R IR f99 T I9
i Art B isconsistent

B e f f f 2ndrowIs on ton I
CE B isnotconsistent

TOPIC2 RowReductionandEchelonforms

DEFINITION EchelonForm
Arectangularmatrixisin exam if
Alltenrows ifanyarepresent areatthebottom
Theabtnonzewentryfor leading ofarowistotherightofanyleadingentriesinthevowaboveItftfanyAllentriesbelowa leadingentrylitany arezero

Examples MatrixAis inechelonformMatHXB isnotinechelonform

A IE I I B I883



Amatch inechelonformis in n fwmU2REF tf
Allleadingentries ifany areequalto 1
Leadingentriesaretheonlynonzeroentryintheirrespectivecolumn

Examples MatrixA is in REEF B isnotinRREE

a too BYE g
MatrixIn Echelonfwm

iii
EE.hu finEt ntEe9mm

co s o f Ao 9
inechelon inRREE
notRREE

DEFINITION DivotPoston Pivotcolumn
Apivotposition in amatrixA is alocationinAthatcorrespondstoadeadlug1inthe
NWreducedechelonformofA

Apivotarumnis acommonofAthatcontainsapivotposition

ExampleiExpressthematrixinREEFandidentifythepivotcommas

e
e II

i in an tosay
I 2 3

R213Rz RT I
2 3
IRieRs r do To

Ri 2122 th

First secondrowsarepivotal



RowReductionAlgorithm
Swapthefirstrowwithaloweronesotheleftmostnonzeroentryis inthefirstrow

ScalethefirstrowsothatItsleadingentryisequalto1

UsenewreplacementsoallentreesaboveandbelowthisleadingentryHarryareequalto
ten

Thenrepeatthesestepsfornow2 thenrow3 andso on fortheremainingrowsoftheMatrix

NotesonRowReductionAlgorithm

Therearemanyalgorithmsforreducingamatrixtoechelonform orto rREE
Ifweonlyneedtocountpivots wedonotneedRketEchelonfourissufficient

BasicandfreeVariables

considertheaugmentedmatrix AIB 45g

theleadingone'sareinthefirstthirdandfifthanimus
ThepivotcolumnsofAare thefirstthirdand fifthcolumns
ThecorrespondingvariablesofthesystemAI areM NsandNs
Variablesthatcorrespondtoapivotarebasicvariables
variablesthatarenotbaskare freevariablesTheycantakeanyvalue
ThefreevariablesareNaandKaAnychokeofthefreevariablesleadsto a
solutionofthesystem

Note Amatrix onItsowndoesnothavebasicvariables orfreevariablesSystemshave
vactables

If AhasncolumnsthenthelinearsystemCA157musthavenvariablesOne
variableforeachcolumnofthematrix
Thereare2typesofvariables basicandfree
Avariablecannotbebothfreeandbaskatthesametime

n numberofcommasofA
numberofbasicvariables numberoffreevariables



THEOREM Existence Uniqueness

AlinearsystemisconsistentIff lexactlywhenthelastcolumnoftheaugmented
matrixdoesnothaveapivotThisIsthesameassayingthat theRREfoftheaugmented
Matrixdoesnedhavearowoftheform

10O O 0I1
Moreover ifaArrearsystemisconsistentthenIthas
auniquesolutionHftherearenofreevariables and
infinitelymanysolutionsthatareparameterizedbyfreevariables

Example Ifpossibledeterminethecoefficientsofthepolynomialyet aoLta ti that
passesthroughthepointsthataregivenintheform It y

L l l O andMCl l b P 2 O QCl l andR O 2

L iAo t 1 A f 1 Aota O P do 2 ta 2 2 2Aot4A O

MAo l a f1 2 Ao ta l Qi Ao l A 12 9o ta I

f I I9 9 f f R aolol t a 1072 2

wash it II I 1ther f l I
systemis inconsistentRi12244 lo9 TI Nosolution

uniquesolution y It 1 It
TOPIC3 VectorEquations

Motivation wewanttothinkaboutthealgebM Inlinearalgebra systemof
equations theirsolutionsets Intermsofgeometry pointslures
planesetc

givesusdeeperinsightintothepropertiesofsystemsandtheWsolutions
introduce n dimensionalspaceRnandvetoesinsideCt



DEFINITION 112 Records IRdenotesthe
letnbeapositivewholenumber K nEEt collectionofall

realnumbers
Rn allorderedh tuplesofrealnumbers n Nz Rn

When n I weget112back R 112GeometricallythisIsthen Ere
Whenn 2 wecanthinkof R asaplane
everypointinthisplanecanberepresentedbyanorderedpairofrealnumbers
Itsn andy coordinates

Example sketchthepoint13 2 andthevector Z
I

C3 2

n

sofar elementsofRnhavebeenimaginedaspoints inthelineplanespaceetc
elementsof112Ncanalsobeimaginedasvectorsarrowswithagwenlengthand
direction

Examplevector Z pointshorizontally intheamountofitsn coordinate
andverticallyintheamountofitsycoordinate

VectorAlgebra

WhenimaginaryRnas avectorwewriteitas amatrixwithnrowsandonecolumn
Forexample suppose

a fun Jeff
a
a t5

Vectorshavethefollowingproperties b

scalarmultiplesi cut Ctu vectorAddition rtto
HuiHI I an til



DEFINITION Linearcombinations

GivenvectorsNT V TipcRn andscalarsc Cz Cp therectorywhere

Y CF tCatzt t Cp p

IscalledalinearcombinationofVTVI IpwithwelfhtsC cz Cp

Example Can I berepresentedas alinearcombinationofVTandBz

7 1s A411 iii fi
solution cit tcitz y

If I canberepresentedas alinear
combinationofThandiz wecanfindcandc f tEff b c sothatcit avi it
Rewritethisvectorequationas asystemof4 Ei b equations K ar

CE t's p ri
C Cz I 27r rC 1Cz 3 Vz N2C 4 C 2

N2 C I Cz I

i I canberepresentedas alinearcombinationofThandTiz
GeometricInterpretationoflinearCombinations

NoteAny2vectorsin1122thatarenotscalarmultiplesofeachotherspan1122
Thismeansthatanyvectorin1122canberepresentedasalinearcombinationof2
vectorsthatarenotmultiplesofeachother



LinearCombinationsExampleIn1123

can Iberepresentedas alinearcombinationofThandid
Y is E FI iii I

G G 1solution c I Gff I c t a 3
Oc 1Oc I

ThesystemiswhenIstart
Nosolutiontothissystem
Therearenovaluesofc andassothat c I tGThup

i Icannotbeexpressedas alinearcombinationoftheother2vectors

DEFINITION Span

GivenvectorsNTPz BpEIR andscalarsc G Cp
thesetofalllinearcombinationsof I Bz FpiscalledtheSpaidofNjTh Tip

Example Is itinthespanofvectorsitandVI

Tie Iz Ji E andI Ig
solution

caf 482 it
aE a Is t'sElEs

Rz12R R
Rs1312 R Y I 186

ii y in
inconsistent i it isnotinspamfu no3

ThespanofTwoVectorsinMs

Ingeneralany2nonparallelvectorsin1123spanapanethatpassesthroughtheorigin
Anyvectorinthatplaneisalsointhespanofthetwovectors 1

Planewillpassthroughorganbecauseoriginisalways
goingtobeinthespanofasetofvectors
Thelinearcombinationwhereallthec'sare0givesus
apoint thatpointistheorigin


